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Abstract
In traditional portfolio optimization under the threat of a crash the
investment horizon or the time to maturity is neglected.
Developing the so–called crash hedging strategies (which are portfolio
strategies which make an investor indifferent to the occurrence of an un-
certain (down) jumps of the price of the risky asset) the time to maturity
turns out to be essential. The crash hedging strategies are derived as solu-
tions of non–linear differential equations which itself are consequences of a
equilibrium strategy. Hereby the situation of changing market coefficients
after a possible crash is considered for the case of logarithmic utility as
well as for the case of general utility functions. A benefit–cost analysis of
the crash hedging strategy is done as well as a comparison of the crash
hedging strategy with the optimal portfolio strategies given in traditional
crash models.
Moreover, it will be shown that the crash hedging strategies optimize
the worst–case bound for the expected utility from final wealth subject to
some restrictions. Another application is to model crash hedging strategies
in situations where both the number and the height of the crash are un-
certain but bounded. Taking the additional information of the probability
of a possible crash happening into account leads to the development of the
q–quantile crash hedging strategy.
Keywords: Portfolio optimization, crash modelling, crash hedging, Hamilton–
Jacobi–Bellman equation, equilibrium strategies, worst-case scenario, chang-
ing market coefficients, q–quantile crash hedging strategy.
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1 Introduction
A market crash is a synonym of a worst–case scenario for an investor trading in
a security market. Therefore, to be prepared for such a situation is a desirable
goal. One can of course do this by buying suitable put options. However, being
in such a well–insured situation is quite expensive. In fact, one then really needs
the crash such that the purchase of these options will not be in vain. In contrast
to this, the approach presented in this thesis shows that it is possible to be
indifferent on the occurrence or non–occurrence of a crash without the help of
additional derivatives, just by following a suitable investment strategy in bond
and stock.
Modelling of a crash or – more general – of large stock price movements is
an actively researched field in financial mathematics (see e.g. Aase [1], Merton
[12], Eberlein and Keller [4], or Embrechts, Klu¨ppelberg and Mikosch [5] just as
representatives for various sources). Mostly those approaches rely on modelling
stock prices as Le´vy processes or other types of processes with heavy–tailed dis-
tributions. Using a different approach to that, in this thesis the view will be taken
of a semi–specialized stock price process. More precisely, the distinction will be
made between so–called “normal times” where the stock prices are assumed to
follow a geometric Brownian Motion and “crash times” where the stock price falls
suddenly.
This approach puts the emphasis on
• avoiding large losses in any possible situation by maximizing the worst–case
bound for the utility of terminal wealth.
• the investment horizon or the time to maturity, which is very important in
crash modelling. However, this variable is neglected in traditional portfolio
optimization under the threat of a crash.
• the possible number of crashes within the investment horizon instead of the
crash intensity in the traditional crash modelling. Moreover, only a range
for the possible crash size is needed instead of a specific crash size.
This approach is already looked at in a paper by Korn and Wilmott [11]
where the authors determined optimal portfolios under the threat of a crash in
the case of logarithmic utility for final wealth. There, the main aim is to show
that still suitable investment in stocks can be more profitable than playing safe
and investing everything in the riskless bond if a crash of the stock price can
occur. The corresponding optimal strategy is found via the solution of a balance
problem between obtaining good worst–case bounds in case of a crash on one
hand and also a reasonable performance on the other hand, if no crash occurs at
all. The model has been extended to general utility functions in a recent paper
by Korn and Menkens [10].
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1 INTRODUCTION
Using the approach of Korn and Wilmott [11] the aim of this thesis is to
generalize the model in various direction and to scrutinize some of its properties.
The most important aims are
• introducing the crash hedging strategy (see Definition 2.4).
• considering changing market conditions after a possible crash for logarith-
mic utility (see Chapter 2) as well as for general utility functions and where
the worst case crash size may depend on both, time and wealth (see Chapter
3).
• proving the existence and uniqueness of a solution for the differential equa-
tions (13) and (77).
• calculating the cost and the potential benefit of the crash hedging strategy
(see Section 2.6).
• taking the additional information of the probability of a possible crash
happening into account by developing the q–quantile crash hedging strategy
(see Section 2.13).
• giving a geometric interpretation of the crash hedging strategy (see Section
2.9).
• comparing this model with the traditional crash model (see Section 2.14).
Let us finally remark that the above approach is not limited to problems in
financial mathematics but can also be applied to other areas of stochastic control
applications where from time to time catastrophes may take place. This could
open up a whole new field of stochastic control theory.
The thesis is organized as follows: Chapter 2 analyses the model in various
directions for the logarithmic utility case. The main results of Chapter 2 are
extended in Chapter 3 to general utility functions and to time– and wealth–
depending worst case crash sizes. The last chapter gives a conclusion and an
outlook.
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2 The Logarithmic Utility Case
2.1 The Set Up
As in Korn and Wilmott [11], let us start with the most basic setting and consider
a security market consisting of a riskless bond and a single risky security with
prices given by
dP0,0(t) = P0,0(t) r0 dt , P0,0(0) = 1 , (1)
dP0,1(t) = P0,1(t) [µ0 dt+ σ0 dW (t)] , P0,1(0) = p1 , (2)
with constant market coefficients µ0, r0 and σ0 6= 0 in “normal times” and where
W is a Brownian Motion on a complete probability space (Ω,F , P ). Assume
further that at most one crash can happen within the time horizon T . At the
“crash time” the stock price suddenly falls. More specific, suppose that the sud-
den relative fall of the stock price lies in the interval [k∗, k
∗], where the constants
0 < k∗ < k
∗ < 1 (“the lowest and the highest possible crash size, respectively”)
are given. No probabilistic assumptions are made about the distribution of ei-
ther the crash time or the crash height. The idea behind this approach is that
practitioners often have difficulties in predicting jump intensities or other rates
corresponding to large price movements. However, just specifying an upper bound
for both the number of crashes and their heights seems to be an easier task.
Since it has been assumed that the investor is able to realize that the crash has
happened let us model its occurrence via a jump process N(t) which is zero before
the jump time and equals one from the jump time onwards. Let us require that
N lives also on (Ω,F , P ). To model the fact that the investor is able to realize
that a jump of the stock price has happened it is supposed that the investor’s
decisions are adapted to the P -augmentation {Ft} of the filtration generated by
both the Brownian motion W (t) and the jump process N(t).
Let us further suppose that the market conditions change after a possible
crash. Let therefore k (with k ∈ [k∗, k∗]) be the arbitrary size of a crash at time
τ . The price of the bond and the risky asset is assumed to be
dP1,0(t) = P1,0(t) r1 dt , P1,0(τ) = P0,0(τ) , (3)
dP1,1(t) = P1,1(t) [µ1 dt+ σ1 dW (t)] , P1,1(τ) = (1− k)P0,1(τ) , (4)
with constant market coefficients r1, µ1 and σ1 6= 0 after a possible crash of size
k at time τ .
For simplicity, the initial market will also be called market 0, while the market
after a crash will be called market 1.
It is important to keep in mind that the investor does not know that a crash
will occur, the investor thinks only that it is possible. An investor who knows that
a crash will happen within the time horizon [0, T ] has additional information and
is therefore an insider. The set of possible crash heights of the insider is indeed
3
2.1 The Set Up 2 LOGARITHMIC UTILITY
KI := [k∗, k
∗], while the set of possible crash heights of the investor who thinks
that a crash is possible is K := {0} ∪ [k∗, k∗]. In this paper only the portfolio
problem of the investor, who thinks a crash is possible, is considered.
Definition 2.1
1. For i = 0, 1, let Ai(s, x) be the set of admissible portfolio processes
π(t) corresponding to an initial capital of x > 0 at time s, i.e. {Ft, s ≤ t ≤
T}–progressively measurable processes such that
(i) the wealth equation in market i in the usual crash–free setting
dXπ,s,xi (t) = X
π,s,x
i (t) [(ri + π(t) [µi − ri]) dt+ π(t)σi dWi(t)] , (5)
Xπ,s,xi (s) = x (6)
has a unique non–negative solution Xπ,s,xi (t) and satisfies
T∫
s
[π(t)Xπ,s,xi (t)]
2 dt <∞ P–a.s. , (7)
i .e. Xpi,s,xi (t) is the wealth process in market i in the crash–free
world, which uses the portfolio strategy π and starts at time s with
initial wealth x.
Furthermore, Xπi (t) := X
π,0,x
i (t) will be used as an abbreviation.
(ii) π(t) has left–continuous paths with right limits.
2. the corresponding wealth process Xpi(t) in the crash model, defined
as
Xπ(t) =
{
Xπ0 (t) for s ≤ t < τ
[1− π(τ)k]Xπ,τ,Xpi0 (τ)1 (t) for t ≥ τ ≥ s ,
(8)
given the occurrence of a jump of height k at time τ , is strictly positive.
Thereby, it is assumed that the crash time τ is a stopping time, which is
supposed to be Ft–measurable. The set of admissible portfolio strategies is
obviously given by A0(s, x) as long as no crash happens. After a crash at
time τ the set is given by A1(τ, x). Hence,
A(s, x) := A0(s, x)
∣∣∣∣
[0,τ ]
∪ A1(τ, x).
3. A(x) is used as an abbreviation for A(0, x).
With these definitions it is possible to state the worst case problem. Note
that due to the lack of statistical assumptions on the distribution of both the
crash height and the crash time, the problem cannot be dealt with by simply
maximizing the expected utility of final wealth. However, the crash consequence
has to be taken into account in some way. The approach of this paper is to
maximize the worst case possible.
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Definition 2.2
1. Let the utility function U be given by U(x) = ln(x). Then the problem to
solve
sup
π(·)∈A(x)
inf
0≤τ≤T,
k∈K
E [ln (Xπ(T ))] , (9)
where the final wealth Xπ(T ) in the case of a crash of size k at time τ is
given by
Xπ(T ) = [1− π(τ)k]Xπ,τ,Xpi0 (τ)1 (T ) , (10)
with X
π,τ,Xpi
0
(τ)
1 (t) as above, is called the worst case scenario portfolio
problem.
2. The value function to the above problem is defined via
νc(t, x) = sup
π(·)∈A(t,x)
inf
t≤τ≤T,
k∈K
E
[
ln
(
Xπ,t,x(T )
)]
. (11)
3. The value function in the crash–free setting of the market model Xi
will be denoted
νi(t, x) = sup
π(·)∈Ai(t,x)
E
[
ln
(
Xπ,t,xi (T )
)]
Clearly, the above defined optimization problems are stochastic control prob-
lems. A classical approach to solve a stochastic control problem is to derive the
corresponding so–called Hamilton–Jacobi–Bellman equation, often abbreviated as
HJB–equation. For an introduction to this method see e.g. Korn [9]. However,
the derivation of the Hamilton–Jacobi–Bellman equation relies on the Bellman
principle (or optimality principle) which asserts that a section of an optimal
trajectory is also an optimal trajectory (see Bellman [2], compare also with Korn
[9]).
In order to get shorter and more transparent formulae, the following defini-
tions are useful.
Definition 2.3
For i = 0, 1 let us name
1. the optimal portfolio strategy in market i, assuming that no crash
will happen, by
π∗i :=
µi − ri
σ2i
.
2. Moreover,
Ψi := ri +
1
2
(
µi − ri
σi
)2
= ri +
σ2i
2
(π∗i )
2
will be called the utility growth potential or earning potential of
market i.
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3. In order to compare the results in this paper with the results of Korn and
Wilmott [11] let us name the crash hedging strategy of the market i given
that the market conditions do not change after a crash φˆi.
The well–known value function of the crash–free world, given the market
coefficients of market i, calculates to
νi(t, x) = sup
π(·)∈Ai(t,x)
E
[
ln
(
Xπ,t,xi (T )
)]
= ln (x) +
(
ri +
1
2
(
µi − ri
σ2i
)2)
(T − t)
= ln (x) + Ψi (T − t) .
In particular, ν1 is the value–function of the market 1. Hence, ν1 is the value–
function for a crash hedging investor after a crash has happened and no further
crash is expected. Moreover, define for an arbitrary admissible portfolio strategy
π(t)
νπ (t, x) := E
[
ln
(
Xπ,t,x0 (T )
)]
= ln (x) + E

 T∫
t
[
π(s) (µ0 − r0) + r0 − 1
2
π2(s)σ20
]
ds


= ln (x)− σ
2
0
2
E

 T∫
t
[
(π(s)− π∗0)2 −
2
σ20
Ψ0
]
ds


= ln (x) + E

 T∫
t
[
Ψ0 − σ
2
0
2
(π(s)− π∗0)2
]
ds

 .
This is the utility one gets using the portfolio strategy π in the initial market.
Being in the initial market means that no crash has happened so far. If the
portfolio strategy is deterministic, the expectation is redundant.
2.2 The Main Results
In order to get the optimal portfolio strategy for an investor, who wants to
maximize her worst case scenario portfolio problem, it is easier to calculate the
portfolio strategy πˆ first, which makes the investor crash indifferent. Obviously,
the investor is indifferent towards a crash, if her maximized expected worst case
final utility before a possible crash is equal to her maximized expected final utility
after a crash of the worst possible case. That is, the investor’s expected utility
is not effected by a crash of the worst possible size. This justifies the following
definition, where the convention νˆ(t, x) := νπˆ(t, x) is used.
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Definition 2.4
i) A portfolio strategy πˆ determined via the equation
νˆ (t, x) =
{
ν1 (t, x (1− πˆ(t)k∗)) for πˆ(t) ≥ 0
ν1 (t, x (1− πˆ(t)k∗)) for πˆ(t) < 0
}
for all t ∈ [0, T ]
will be called a crash hedging strategy.
ii) A portfolio strategy π˜ is a partial crash hedging strategy, if there exists
an S ∈ (0, T ) such that π˜ is a crash hedging strategy on [0, S] and is a
solution of the worst case scenario portfolio problem on [S, T ].
Rewriting the determining equation for the non–negative crash hedging strat-
egy πˆ gives
νˆ (t, x) = ν1 (t, x (1− πˆ(t)k∗))
⇐⇒ ln (x) +
T∫
t
[
Ψ0 − σ
2
0
2
(πˆ(s)− π∗0)2
]
ds
= ln (x) + ln (1− πˆ(t)k∗) + Ψ1 (T − t)
⇐⇒ ln (1− πˆ(t)k∗) =
T∫
t
[
Ψ0 −Ψ1 − σ
2
0
2
(πˆ(s)− π∗0)2
]
ds. (12)
Differentiating with respect to t yields
−πˆ′(t)k∗
1− πˆ(t)k∗ =
σ20
2
(πˆ(t)− π∗0)2 +Ψ1 −Ψ0
⇐⇒ πˆ′(t) =
(
πˆ(t)− 1
k∗
)[
σ20
2
(πˆ(t)− π∗0)2 +Ψ1 −Ψ0
]
.
Clearly, πˆ(T ) = 0, since the right side of equation (12) is zero for t = T and the
left side is only zero for t = T , if πˆ(T ) = 0. Using πˆ(T ) = 0, this gives
πˆ′(T ) = − 1
k∗
(Ψ1 − r0)


< 0 for Ψ1 > r0
= 0 for Ψ1 = r0
> 0 for Ψ1 < r0

 .
A close look reveals that πˆ′(T ) < 0 implies πˆ′(t) ≤ 0 for t ∈ [0, T ). Hence,
πˆ(t) > 0 for t ∈ [0, T ).
Moreover, it is straightforward to verify that πˆ′ ≡ 0, if πˆ′(T ) = 0. Thus, this
case yields πˆ ≡ 0. The economic meaning of this being the impossibility to hedge
a risky asset if the utility growth potential after a possible crash is only of the
size of the initial riskless rate of return.
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Finally, the case Ψ1 < r0 gives
νπ(t, x)
∣∣∣∣∣
π≡0
= ln(x) + r0(T − t)
> ln(x) + Ψ1(T − t)
= ν1(t, x) for t ∈ [0, T ) and x > 0.
Thus, the expected worst case is given in this situation by an immediate crash,
if the portfolio strategy π ≡ 0 is used. In order to boost the expected worst case
utility, the expected utility after a crash has to be increased. This can only be
achieved by going short, i.e. π(t) < 0 for t ∈ [0, T ). However, if πˆ is negative,
the corresponding differential equation is
πˆ′(t) =
(
πˆ(t)− 1
k∗
)[
σ20
2
(πˆ(t)− π∗0)2 +Ψ1 −Ψ0
]
,
which can be confirmed easily. Note that this differential equation has in T
the same behavior as the differential equation for non–negative portfolio strate-
gies. This guarantees that the crash hedging strategy is well–defined. Moreover,
πˆ′(T ) > 0 implies πˆ′(t) ≥ 0 for t ∈ [0, T ). Thus, πˆ(t) < 0 for t ∈ [0, T ).
This leads us to the main result of this paper.
Theorem 2.5
1. If Ψ1 ≥ r0, then there exists a unique crash hedging strategy πˆ, which is
given by the solution of the differential equation
πˆ′(t) =
(
πˆ(t)− 1
k∗
)[
σ20
2
(πˆ(t)− π∗0)2 +Ψ1 −Ψ0
]
, (13)
and πˆ(T ) = 0. (14)
Moreover, this crash hedging strategy is bounded by 0 ≤ πˆ < 1
k∗
. Addition-
ally, if Ψ1 ≤ Ψ0 and π∗0 ≥ 0, the crash hedging strategy has another upper
bound with πˆ < π∗0 −
√
2
σ2
0
(Ψ0 −Ψ1).
2. If Ψ1 < r0, then there exists a unique crash hedging strategy πˆ, which is
given by the solution of the differential equation
πˆ′(t) =
(
πˆ(t)− 1
k∗
)[
σ20
2
(πˆ(t)− π∗0)2 +Ψ1 −Ψ0
]
, (15)
and πˆ(T ) = 0. (16)
Furthermore, this crash hedging strategy is bounded by
π∗0 −
√
2
σ20
(Ψ0 −Ψ1) < πˆ(t) < 0 for t ∈ [0, T ).
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3. If Ψ1 < Ψ0 and π
∗
0 < 0, there exists a partial crash hedging strategy π˜ (which
is different from πˆ), if
S := T − ln (1− π
∗
0k∗)
Ψ0 −Ψ1 > 0. (17)
With this, π˜ is on [0, S] given by the unique solution of the differential
equation
π˜′(t) =
(
π˜(t)− 1
k∗
)[
σ20
2
(π˜(t)− π∗0)2 +Ψ1 −Ψ0
]
, (18)
and π˜(S) = π∗0. (19)
On [S, T ] set π˜(t) := π∗0. This partial crash hedging strategy is bounded by
π∗0 −
√
2
σ20
(Ψ0 −Ψ1) < π˜ ≤ π∗0 < 0.
The optimal portfolio strategy for an investor, who wants to maximize her
worst case scenario portfolio problem, is given by
π¯(t) := min {πˆ(t), π˜(t), π∗0} for all t ∈ [0, T ], (20)
where π˜(t) is only taken into account if it exists. π¯ will be named the optimal
crash hedging strategy.
Remark 2.6
1. It is straightforward to verify that πˆ, π˜ and π¯ are admissible portfolio
strategies, since they are bounded as well as continuous.
2. Observe that the optimal crash hedging strategy is independent of the crash
time τ .
3. Note that the worst case utility bound of the crash hedging strategy is given
by νˆ(t, x), or by ν1 (t, x (1− πˆ(t)k∗)), which is according to the construction
of πˆ the same. Hence, it is sufficient to show that either νπ(t, x) < νˆ(t, x)
or ν1 (t, x (1− π(t)k∗)) < ν1 (t, x (1− πˆ(t)k∗)) in order to verify that the
portfolio strategy π has a lower expected worst case final utility than πˆ.
4. Compare the differential equation (13) with the differential equation Korn
and Wilmott [11] got in Corollary 2.2. Rewriting the above differential
equation to
πˆ′(t) =
1
k∗
(1− πˆ(t)k∗)
[
Ψ0 −Ψ1 − σ
2
0
2
(πˆ(t)− π∗0)2
]
,
it is easy to see that it is up to the correction term Ψ1 − Ψ0 the same as
the differential equation in Korn and Wilmott [11].
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5. Notice that the investor is only indifferent between no crash and a crash of
the worst case possible. In general, any other crash of size k with k∗ < k <
k∗ will be favorable for the investor, if the investor uses the crash hedging
strategy πˆ.
6. Observe that the investor will P–a.s. not go bankrupt, if he uses the port-
folio strategy πˆ. For example in the case of π∗0 ≥ 0, πˆ < 0 and πB ≡ 0 (the
pure bond strategy):
νˆπB(t, x) > νˆ(t, x) = ν1 (t, x (1− πˆ(t)k∗)) > ν1(t, x).
Since the last case is the classical utility function in the crash–free model
where the investor do not go bankrupt, the investor can not go bankrupt
in the other cases as well.
The following lemmata will prepare the proof of Theorem 2.5 and will reveal
some important properties of the crash hedging strategy πˆ.
Lemma 2.7
Any admissible portfolio strategy π which satisfies
E [π(t)] < πˆ(t) ≤ π∗0 for all t ∈ [0, T ]
has a lower expected worst case utility bound than πˆ, the crash hedging strategy.
Proof: Using the Theorem of Fubini and the the fact that
E
[
X2
]
= (E [X])2 +Var(X) ≥ (E [X])2
for any square integrable random variable X, the case of no crash occurring gives
νπ(t, x) = ln (x) + E

 T∫
t
[
Ψ0 − σ
2
0
2
(π(s)− π∗0)2
]
ds


≤ ln (x) +
T∫
t
[
Ψ0 − σ
2
0
2
(E [π(s)]− π∗0)2
]
ds
< ln (x) +
T∫
t
[
Ψ0 − σ
2
0
2
(πˆ(s)− π∗0)2
]
ds
= νˆ (t, x) ,
which shows that π(t) has a lower expected worst case utility bound than πˆ. 
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Lemma 2.8
Of all admissible portfolio strategies π with
E [π(t)] < πˆ(t) for all t ∈ I := {t : πˆ(t) > π∗0} (21)
π¯ yields the highest worst case utility bound (where π¯ is defined in (20) in Theorem
2.5).
Remark 2.9
Observe that I is a disjoint union of closed intervals, since πˆ is continuously
differentiable. Actually, later on the following can be verified. The case I 6= ∅
can only happen if Ψ1 − Ψ0 > 0. However, in this case πˆ is strictly decreasing,
thus I is an interval of the form I = [0, t0].
Proof: For any admissible portfolio strategy π with
E [π(t)] < 2π∗0 − πˆ(t) for all t ∈ I
Lemma 2.7 applies basically analog. Hence, let us restrict to portfolio strategies
π, which satisfy
2π∗0 − πˆ(t) < E [π(t)] < πˆ(t) for some t ∈ I.
Without loss of generality, let us assume that
2π∗0 − πˆ(t) < E [π(t)] < πˆ(t) for all t ∈ I.
For simplicity, let us suppose that I is of the form I = [t0, t1]. Choosing t ∈ I,
the above inequality implies
ln (x) + E

 t1∫
t
[
Ψ0 − σ
2
0
2
(π(s)− π∗0)2
]
ds


= ln (x) +
t1∫
t
[
Ψ0 − σ
2
0
2
(E [π(s)]− π∗0)2 −
σ20
2
Var (π(s))
]
ds
> ln (x) +
t1∫
t
[
Ψ0 − σ
2
0
2
(πˆ(s)− π∗0)2 −
σ20
2
Var (π(s))
]
ds. (22)
The last inequality shows that any portfolio strategy π(t) satisfying (21) and with
a variance small enough has a higher expected final utility than the crash hedging
strategy πˆ(t), if no crash occurs and if t ∈ I. It is straightforward to verify that
of these strategies only π∗0 maximizes the expected final utility in the interval I,
if no crash happens.
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Lemma 2.7 justifies that – without loss of generality – it is possible to set
π(t) = πˆ(t) for t 6∈ I. Using this together with the above inequality (22) gives
νπ(t, x) > νˆ (t, x)− σ
2
0
2
t1∫
t
Var (π(s)) ds,
which shows that any portfolio strategy π satisfying (21) and with a variance
small enough has a higher expected final utility than the crash hedging strategy
πˆ, if no crash occurs. It is straightforward to verify that of these strategies only
π¯ maximizes the expected final utility, if no crash happens. In order to show that
this maximizes the expected worst case utility bound, one has to consider the
following two cases.
i) π∗0 ≥ 0:
It suffices to verify that for all t ∈ I
νπ¯(t, x) ≤ ν1(t, x(1− π∗0k∗))
⇐⇒
T∫
t
[
Ψ0 −Ψ1 − σ
2
2
(π¯(s)− π∗0)2
]
ds ≤ ln (1− π∗0k∗) .
Since πˆ is decreasing and ending at πˆ(T ) = 0, there exists an S ∈ [0, T )
such that π¯(s) = πˆ(s) for s ∈ [S, T ]. The important case which has to be
considered is S ∈ (t, T ). Hence, the above reduces to
(Ψ0 −Ψ1) (S − t) +
T∫
S
[
Ψ0 −Ψ1 − σ
2
2
(πˆ(s)− π∗0)2
]
ds
︸ ︷︷ ︸
=ln(1−π∗0k∗)
≤ ln (1− π∗0k∗)
⇐⇒ Ψ1 ≥ Ψ0.
This last inequality can be verified easily, since it is only possible that πˆ ≥ π∗0,
if Ψ1 ≥ Ψ0.
ii) π∗0 < 0:
If Ψ1 ≥ Ψ0 than it is straightforward to verify that
νπ(t, x) ≤ ν1(t, x(1− π(t)k∗))
for any admissible portfolio strategy π with π ≤ 0. Thus, let us consider the
case Ψ1 < Ψ0. It remains to confirm that
νπ¯(t, x) ≤ ν1(t, x(1− π¯(t)k∗))
12
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⇐⇒
T∫
t
[
Ψ0 −Ψ1 − σ
2
2
(π¯(s)− π∗0)2
]
ds ≤ ln (1− π¯(t)k∗) .
Assume that π¯ ≡ π∗0. This leads to
(Ψ0 −Ψ1) (T − t) ≤ ln (1− π¯(t)k∗)
⇐⇒ t ≥ T − ln (1− π¯(t)k∗)
Ψ0 −Ψ1
The right side of the last inequality has been defined in (17) to be S.
This inequality shows that π∗0 is an optimal worst case portfolio strategy
on [max (S, 0) , T ]. Obviously, at time S equality holds. Suppose that S > 0,
then
νπ∗
0
(t, x) > ν1(t, x(1− π∗0k∗)) for t ∈ [0, S).
In this situation the worst case is given by an immediate crash. However, it
is clearly possible to improve this worst case utility by reducing π∗0. Equality
is by construction reached for π˜. Since νπ is strictly increasing for π < π
∗
0
and ν1(t, x(1−πk∗)) is strictly decreasing for π, it is straightforward to verify
that π˜ is optimal in this situation.
This concludes the assertion. 
Lemma 2.10
Any admissible portfolio strategy π which satisfies
E [π(t)] > π¯(t) for some t ∈ [0, T ] (23)
has a lower worst case utility bound than the optimal crash hedging strategy π¯.
Proof: First, let us suppose that E [π(0)] ≤ π¯(0) as well as E [π(T )] ≤ π¯(T ).
Hence, there exist t⋆ ∈ [0, T ) and ε > 0 such that
E [π(t)] ≤ π¯(t) for t ∈ [0, t⋆] and E [π(t)] > π¯(t) for t ∈ (t⋆, ε].
Such a construction is always possible due to assumption (1ii) in Definition 2.1.
Without loss of generality, let us suppose that π(t) = π¯(t) for t ∈ [0, t⋆].
It suffices to show that
ν1 (t, x (1− π(t)k∗)) < ν1 (t, x (1− π¯(t)k∗)) for t ∈ (t⋆, ε].
However, this can be seen straightforward
ν1 (t, x (1− π(t)k∗)) = ln(x) + E [ln (1− π(t)k∗)] + Ψ1(T − t)
≤ ln(x) + ln (1− E [π(t)] k∗) + Ψ1(T − t)
13
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< ln(x) + ln (1− π¯(t)k∗) + Ψ1(T − t)
= ν1 (t, x (1− π¯(t)k∗)) . (24)
Hence, an immediate crash of the worst possible size at time t gives a lower final
expected utility for the portfolio strategy π than for the crash hedging strategy
πˆ.
It is easy to verify that inequality (24) holds for t = 0 or t = T as well, if
E [π(0)] > π¯(0) or E [π(T )] > π¯(T ), respectively.
Since ν1 (t, x (1− π¯(t)k∗)) is already the worst case utility bound for π¯, this
proves the assertion. 
Proof of Theorem 2.5: The differential equations have been derived above.
Furthermore, it is straightforward to verify that any crash hedging strategy has
to satisfy πˆ(T ) = 0.
νˆ (T, x) = ν1 (T, x (1− πˆ(T )k∗))
⇐⇒ ln (x) = ln (x) + ln (1− πˆ(T )k∗)
Since k∗ 6= 0, this is only possible for πˆ(T ) = 0.
Let us prove that πˆ is bounded. The upper bound 1
k∗
of πˆ can be verified
in equation (12) due to the fact that this equation has a pole for πˆ(t) = 1
k∗
for
an arbitrary t ∈ [0, T ]. The economic meaning of this being that the investor
would be bankrupt in case of πˆ(t) ≥ 1
k∗
and a crash of size k∗ at time t. The
bound π∗0 −
√
2
σ2
0
(Ψ0 −Ψ1) is due to the fact that it is a zero of the right side
of (13) or (15), if Ψ1 ≤ Ψ0. This bound will never be reached by the continuous
crash hedging strategy, since this would imply that the continuous crash hedging
strategy would eventually become constant, which can not be the case. The other
bounds have been shown above.
In order to prove the existence and uniqueness of a solution for the differential
equation let us denote
F (t, y) :=
(
y − 1
k∗
)[
σ20
2
(y − π∗0)2 +Ψ1 −Ψ0
]
.
Clearly, F is a polynomial in y which is independent of t. Hence, F is continuously
partial differentiable and therefore especially locally Lipschitz–continuous with
respect to y (see e.g. Forster [6], Satz 1, p. 102). This gives then already the
uniqueness of the solution for the differential equation (13) with terminal value
(14) (see e.g. Forster [6], Satz 2, p. 102).
Moreover, since F is continuous and locally Lipschitz–continuous on [0, T ]×R
the theorem of Picard–Lindelo¨f gives the existence of a solution for the differen-
tial equation (13) with terminal value (14) on a suitable neighbourhood of any
arbitrary point y ∈ R (see e.g. Heuser [7], Satz 12.4, p. 141). This gives the
14
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existence of a solution for the differential equation on any compact set [a, b] ⊂ R
with a < b. To see this define F[a,b] to be equivalent to F on [a, b], to have
compact support, and to be continuously differentiable. The construction of such
a function is well–known. Obviously, F[a,b] is continuous and global Lipschitz–
continuous. Thus proving the existence of a solution for the differential equation
which corresponds to F[a,b] (see e.g. Heuser [7]). Choosing a and b sufficiently
large, this proves the existence of a solution for the differential equation (13),
since πˆ is bounded.
Replacing k∗ by k∗ shows that the same statement holds for the differential
equation (15) with terminal value (16).
Applying Lemma 2.7, Lemma 2.8 and Lemma 2.10 gives the optimality of π¯
in both cases. All in all, this concludes the Theorem. 
In order to solve the differential equation (13), note that this differential
equation can be rewritten as∫ t1
t0
dπˆ(t)(
πˆ(t)− 1
k∗
) [σ2
0
2
(πˆ(t)− π∗0)2 +Ψ1 −Ψ0
] = ∫ t1
t0
dt
⇐⇒
∫ t1
t0
dπˆ(t)(
1
k∗
− πˆ(t)) [(πˆ(t)− π∗0)2 + 2σ2
0
(Ψ1 −Ψ0)
] = −σ20
2
∫ t1
t0
dt, (25)
with t0, t1 ∈ [0, T ]. Calculating the zeros of the polynomial for the partial fraction
expansion delivers
(a− π∗0)2 =
2
σ20
(Ψ0 −Ψ1) ⇐⇒ a1/2 = π∗0 ±
√
2
σ20
(Ψ0 −Ψ1).
There are three general different cases to consider.
i) Ψ1 = Ψ0 and
1
k∗
6= π∗0 =⇒ a = π∗0 is a double zero.
ii) Ψ1 < Ψ0 and
1
k∗
6= π∗0±
√
2
σ2
0
(Ψ0 −Ψ1) =⇒ a1/2 = π∗0 ±
√
2
σ2
0
(Ψ0 −Ψ1)
are two different real zeros.
iii) Ψ1 > Ψ0 =⇒ a1/2 = π∗0 ±
√
2
σ2
0
(Ψ0 −Ψ1) are complex zeros.
Furthermore, there are three special cases to be taken into consideration.
iv) Ψ1 = Ψ0 and
1
k∗
= π∗0 =⇒ a = π∗0 is a triple zero.
v) Ψ1 < Ψ0 and
1
k∗
= π∗0+
√
2
σ2
0
(Ψ0 −Ψ1) =⇒ a1 = π∗0 +
√
2
σ2
0
(Ψ0 −Ψ1)
is a double zero and a2 =
π∗0 −
√
2
σ2
0
(Ψ0 −Ψ1) is a sin-
gle zero.
15
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vi) Ψ1 < Ψ0 and
1
k∗
= π∗0−
√
2
σ2
0
(Ψ0 −Ψ1) =⇒ a1 = π∗0 +
√
2
σ2
0
(Ψ0 −Ψ1) is
a single zero and a2 = π
∗
0 −√
2
σ2
0
(Ψ0 −Ψ1) is a double
zero.
Applying the partial fraction expansion in each of the above six cases will give a
solution for each case. In order to enable a concise representation of the charac-
terization for the solutions define
Θ± :=
(
π∗0 −
1
k∗
±
√
2
σ20
(Ψ0 −Ψ1)
)
, (26)
∆ :=
√
2
σ20
(Ψ0 −Ψ1) , (27)
and
∆1 :=
√
2
σ20
(Ψ1 −Ψ0). (28)
Proposition 2.11
With these conventions one has the following characterizations for the solutions
of the differential equation (13) with the terminal condition (14).
i) If Ψ1 = Ψ0 and
1
k∗
6= π∗0, then
σ20
2
(
π∗0 −
1
k∗
)2
(T − t) = ln

 1− πˆ(t)π∗0
1− πˆ(t)k∗

+ (1− 1
k∗π∗0
)
πˆ(t)
πˆ(t)− π∗0
.
ii) If r0 ≤ Ψ1 < Ψ0 and 1k∗ 6= π∗0 ±∆, then
Θ+ ·Θ− ·∆ · σ20 (T − t) = −2 ·∆ · ln (1− πˆ(t)k∗)−Θ− · ln
(
1− πˆ(t)
π∗0 +∆
)
+Θ+ · ln
(
1− πˆ(t)
π∗0 −∆
)
.
iii) If Ψ1 > Ψ0, then
∆1
[(
π∗0 −
1
k∗
)2
+∆21
]
σ20 (T − t) = −2 ·∆1 · ln (1− πˆ(t)k∗) (29)
+∆1 · ln
(
(πˆ(t)− π∗0)2 +∆21
(π∗0)
2 +∆21
)
− 2
(
π∗0 −
1
k∗
)
arctan
(
∆1 · πˆ(t)
∆21 − πˆ(t)π∗0 + (π∗0)2
)
.
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iv) If Ψ1 = Ψ0 and
1
k∗
= π∗0, then
πˆ(t) = π∗0 −
π∗0√
(π∗0)
2 σ20 (T − t) + 1
.
v) If r0 ≤ Ψ1 < Ψ0 and 1k∗ = π∗0 +∆, then
2∆2 · σ20 (T − t) = ln (1− πˆ(t)k∗)− ln
(
1− πˆ(t)
π∗0 −∆
)
− 2∆ · πˆ(t) (k
∗)2
1− πˆ(t)k∗ .
vi) If r0 ≤ Ψ1 < Ψ0 and 1k∗ = π∗0 −∆, then
2∆2 · σ20 (T − t) = ln (1− πˆ(t)k∗)− ln
(
1− πˆ(t)
π∗0 +∆
)
+ 2∆ · πˆ(t) (k
∗)2
1− πˆ(t)k∗ .
Proof: See appendix. 
Notice that all cases – except the fourth – have only implicit solutions. How-
ever, it is straightforward to get in each case the inverse function of πˆ(t).
With the above implicit solutions it is obvious what the characterizations for
the solutions of the differential equation (15) are. However, there are only three
different cases to consider (since the other three cases are not possible). Denote
Θ∗± :=
(
π∗0 −
1
k∗
±
√
2
σ20
(Ψ0 −Ψ1)
)
.
Corollary 2.12
The characterizations for the solutions of the differential equation (15) with the
terminal condition (16) can be written as follows.
i) If Ψ1 < r0 and
1
k∗
6= π∗0 ±∆, then
Θ∗+ ·Θ∗− ·∆ · σ20 (T − t) = −2 ·∆ · ln (1− πˆ(t)k∗)−Θ∗− · ln
(
1− πˆ(t)
π∗0 +∆
)
+Θ∗+ · ln
(
1− πˆ(t)
π∗0 −∆
)
.
ii) If Ψ1 < r0 and
1
k∗
= π∗0 +∆, then
2∆2 · σ20 (T − t) = ln (1− πˆ(t)k∗)− ln
(
1− πˆ(t)
π∗0 −∆
)
− 2∆ · πˆ(t) (k∗)
2
1− πˆ(t)k∗ .
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iii) If Ψ1 < r0 and
1
k∗
= π∗0 −∆, then
2∆2 · σ20 (T − t) = ln (1− πˆ(t)k∗)− ln
(
1− πˆ(t)
π∗0 +∆
)
+ 2∆ · πˆ(t) (k∗)
2
1− πˆ(t)k∗ .
Corollary 2.13
The characterizations for the solutions of the differential equation (18) with the
terminal condition (19) are the following.
i) If Ψ1 < Ψ0 and
1
k∗
6= π∗0 +∆, then
Θ∗+ ·Θ∗− ·∆ · σ20 (S − t) = 2∆ · ln
(
1− π∗0k∗
1− π˜(t)k∗
)
+Θ∗− · ln
(
∆
π∗0 +∆− π˜(t)
)
−Θ∗+ · ln
(
∆
π˜(t)− π∗0 +∆
)
.
ii) If Ψ1 < r0 and
1
k∗
= π∗0 +∆, then
2∆2 · σ20 (S − t) = ln
(
∆
π˜(t)− π∗0 +∆
)
− ln
(
1− π∗0k∗
1− π˜(t)k∗
)
− 2 · π˜(t)− π
∗
0
1
k∗
− π˜(t) .
Proof: The proof is similar to the proof of Corollary 2.12. Only, keep in mind
that π˜(S) = π∗0. Moreover, since in this case π
∗
0 < 0 always holds, case iii) can
not happen and case ii) holds only for Ψ1 < r0 (otherwise k∗ < 0 which is not
allowed). 
2.3 Inflection Points of the Crash Hedging Strategy
As it can be seen in the figures (see Figure 4), the crash hedging strategy can have
up to two inflection points. To determine the inflection points, it is necessary to
calculate the second derivative of πˆ.
πˆ′′(t) =
[
σ20
2
(πˆ(t)− π∗0)2 +Ψ1 −Ψ0
]
+
(
πˆ(t)− 1
k∗
)
σ20 (πˆ(t)− π∗0)
=
3σ20
2
πˆ2(t)− σ20
(
2π∗0 +
1
k∗
)
πˆ(t) +
σ20
2
(π∗0)
2 + σ20
π∗0
k∗
+Ψ1 −Ψ0
=
3σ20
2
[(
πˆ(t)− 1
3
(
2π∗0 +
1
k∗
))2
− 1
9
(
2π∗0 +
1
k∗
)2
+
1
3
(π∗0)
2 +
2
3
π∗0
k∗
+
2
3σ20
(Ψ1 −Ψ0)
]
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=
3σ20
2
[(
πˆ(t)− 1
3
(
2π∗0 +
1
k∗
))2
− 1
9
(π∗0)
2 +
2
9
π∗0
k∗
− 1
9
1
(k∗)2
+
2
3σ20
(Ψ1 −Ψ0)
]
=
3σ20
2
[(
πˆ(t)− 1
3
(
2π∗0 +
1
k∗
))2
− 1
9
(
π∗0 −
1
k∗
)2
+
2
3σ20
(Ψ1 −Ψ0)
]
.
Setting πˆ′′(t) = 0 gives the potential candidates for the inflection points.
z1/2 =
1
3
(
2π∗0 +
1
k∗
)
±
√
1
9
(
π∗0 −
1
k∗
)2
− 2
3σ20
(Ψ1 −Ψ0).
These points are only relevant if they satisfy 0 ≤ z1/2 < 1k∗ . It remains to check
the sufficient and necessary condition of an inflection point. Therefore, let us
specify the third derivative of πˆ(t).
πˆ′′′(t) = 3σ20
(
πˆ(t)− 1
3
(
2π∗0 +
1
k∗
))
.
Thus,
πˆ′′′(t)
∣∣∣∣∣
z1/2
= ± 3σ20
√
1
9
(
π∗0 −
1
k∗
)2
− 2
3σ20
(Ψ1 −Ψ0).
Since
πˆ′′′(t)
∣∣∣∣∣
z1/2
= 0 ⇐⇒
(
π∗0 −
1
k∗
)2
=
6
σ20
(Ψ1 −Ψ0) ,
and since all derivatives of order 5 or higher are equal to zero, z1/2 are inflection
points if (
π∗0 −
1
k∗
)2
6= 6
σ20
(Ψ1 −Ψ0) .
2.4 The Constant Crash Hedging Strategy and the Best
Worst Case Constant Portfolio Strategy
Let us consider in this section only constant portfolio strategies. In this case,
there are only three different potential scenarios for the worst case strategy to
consider. First, a crash at the beginning, second a crash at the end, and third
no crash. This is since neither the market coefficient nor the portfolio strategy
19
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changes over time. Suppose for a start that µ0 ≥ r0, hence implying π∗0 ≥ 0. The
defining equation for the constant crash hedging strategy ϕˆ is given by the utility
indifference equation (see Definition 2.4). Calculating constant crash hedging
strategies, however, it might no longer be possible that the investor is crash–
indifferent (see also Remark 2.14, point 3. below). Keeping this in mind, the
wording utility indifference equation will still be used.
Assuming that ϕ ≥ 0 and ϕ is a constant portfolio stategy, the worst case is
either a crash at the beginning or a crash at the end of the investment period.
Thus, the utility indifference equation writes as
ν¯ϕ (t, x) = ν¯1 (t, x (1− ϕk∗))
⇐⇒ ln (x) +
[
Ψ0 − σ
2
0
2
(ϕ− π∗0)2
]
(T − t) + ln (1− ϕk∗)
= ln (x) + ln (1− ϕk∗) + Ψ1 (T − t)
⇐⇒ (ϕ− π∗0)2 =
2
σ20
(Ψ0 −Ψ1)
⇐⇒ ϕ1/2 = π∗0 ±
√
2
σ20
(Ψ0 −Ψ1). (30)
Obviously, the above equation holds only for Ψ0 ≥ Ψ1 ≥ r0. For Ψ0 < Ψ1
there exists no constant crash hedging strategy, since the utility growth poten-
tial after a possible crash is greater than the utility growth potential in the
initial market. Although ϕ1 and ϕ2 are both crash hedging strategies, clearly
ν¯1 (t, x (1− ϕ1k∗)) < ν¯1 (t, x (1− ϕ2k∗)). Hence, any rational crash hedging in-
vestor will choose the constant portfolio strategy ϕ2. However, one has ϕ2 < 0
for Ψ1 < r0. In the case of ϕ < 0, the worst case is given by either a crash at
the beginning or no crash. Thus, the utility indifference equation is given by no
crash at the end.
ν¯ϕ (t, x) = ν¯1 (t, x (1− ϕk∗))
⇐⇒ ln (x) +
[
Ψ0 − σ
2
0
2
(ϕ− π∗0)2
]
(T − t)
= ln (x) + ln (1− ϕk∗) + Ψ1 (T − t)
⇐⇒ ln (1− ϕk∗) =
[
Ψ0 −Ψ1 − σ
2
0
2
(ϕ− π∗0)2
]
(T − t)
Given that t < T , the right side can only be positive for ϕ < 0 if Ψ1 < r0.
Moreover, the left side ranges from 0 to infinity for ϕ going from 0 to minus
infinity. The right side ranges from r0−Ψ1 > 0 to minus infinity for ϕ going from
0 to minus infinity. According to the mean value theorem, there exists a ϕ such
that equality holds, since both sides are continuous on [0,−∞). Moreover, since
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both sides are strictly concave functions in ϕ, there is only one unique intersection
point.
Denoting this solution by ϕ1,t, this is the constant crash hedging strategy on
the time interval [t, T ], if Ψ1 < r0. Hence, the constant crash hedging strategy
on the time interval [t, T ] is given by
ϕˆt :=
{
π∗0 −
√
2
σ2
0
(Ψ0 −Ψ1), for r0 ≤ Ψ1 ≤ Ψ0
ϕ1,t, for Ψ1 < r0
}
.
Remark 2.14
1. Note that ϕˆ = π∗0, if Ψ0 = Ψ1. This means that in this peculiar case the
constant crash hedging strategy is given by the classical optimal portfolio
strategy.
2. Observe that ϕˆ < 0, if Ψ1 < r0 as in the case of non-constant portfolio
strategies. Note further that in this case as in the case of ϕˆ ≤ π∗0 < 0
the investor transfers utility from the initial market into the market after a
possible crash.
3. If the constant crash hedging strategy is independent of the investment
period T − t (as it is the case for r0 ≤ Ψ1 ≤ Ψ0 and π∗0 ≥ 0), then this
constant crash hedging strategy makes the investor crash indifferent for any
time s, with t ≤ s ≤ T :
ln(x) +
[
Ψ0 − σ
2
0
2
(ϕˆ− π∗0)2
]
(s− t) + ln (1− ϕˆk∗) + Ψ1 (T − s)
= ln(x) + Ψ1 (s− t) + ln (1− ϕˆk∗) + Ψ1 (T − s)
= ν¯1 (t, x (1− ϕ¯k∗)) .
On the other hand, if the constant crash hedging strategy depends on the
investment period T − t (as it is the case for Ψ1 < r0 and π∗0 ≥ 0), the in-
vestor is only crash independent at the times t and T . Hence, these constant
crash hedging strategies are only weak crash hedging strategies.
As it has been mentioned, the constant crash hedging strategy is independent
of the investment time horizon T − t, if r0 ≤ Ψ1 ≤ Ψ0. This already indicates
that it is not the best constant portfolio strategy. For example, if the investment
horizon is very small, πB ≡ 0 (the so–called pure bond strategy) will lead to a
higher expected final utility.
In order to determine the best constant worst case portfolio strategy, keep in
mind that ν¯1 (t, x (1− ϕˆk∗)) is monotonously decreasing in ϕ for ϕ < 1/k∗. Thus,
the best constant portfolio strategy in the worst case scenario is less or equal than
ϕˆ. Therefore, it suffices to determine the smallest maximum of ν¯ϕ(t, x), which is
less or equal to ϕˆ.
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Before calculating the smallest maximum of ν¯ϕ(t, x), let us consider the case
Ψ1 > Ψ0. In this case a crash would be favorable for the investor, since the
earning potential after a possible crash is at least as good as before a crash. And
after a crash – with no other crash fearing – π∗1, the classical optimal portfolio
strategy would be optimal. Thus, the worst would be a crash at the end of the
investment period, since the investor can not take advantage of the better market
conditions. Hence, the worst is a crash of size k∗ at time T . Using this fact, the
expected worst case utility of the investor calculates to
v(ϕ) := ν¯ϕ(t, x)
= ln(x) +
(
Ψ0 − σ
2
0
2
(ϕ− π∗0)2
)
(T − t) + ln (1− ϕk∗) ,
if ϕ ≥ 0 is supposed. Taking the first and second derivative yields
v′(ϕ) = −σ20 (ϕ− π∗0) (T − t) +
1
ϕ− 1
k∗
v′′(ϕ) = −σ20 (T − t)−
1(
ϕ− 1
k∗
)2 .
Notice that the second derivative is negative for t 6= T or for finite ϕ with
ϕ 6= 1/k∗. Setting the first derivative equal to zero gives the potential candidates
for the best constant worst case portfolio strategy.
(ϕ− π∗0)
(
ϕ− 1
k∗
)
=
1
σ20 (T − t)
⇐⇒ ϕ2 −
(
π∗0 +
1
k∗
)
ϕ+
π∗0
k∗
=
1
σ20 (T − t)
⇐⇒
(
ϕ− 1
2
(
π∗0 +
1
k∗
))2
=
1
4
(
π∗0 −
1
k∗
)2
+
1
σ20 (T − t)
⇐⇒ ϕ1/2 = 1
2
(
π∗0 +
1
k∗
)
±
√
1
4
(
π∗0 −
1
k∗
)2
+
1
σ20 (T − t)
Both points are easily verified to be maxima. However, 1−ϕ1k∗ ≤ 0 which means
that the investor would go bankrupt if he uses the portfolio strategy ϕ1 and a
crash of size k∗ happens. This fact leaves only ϕ2 as a potential best constant
worst case portfolio strategy. Note that ϕ2 > 0, if π
∗
0 >
k∗
σ2
0
(T−t)
.
Proposition 2.15
Let be µ0 ≥ r0. Moreover, denote the constant crash hedging strategy on the time
interval [t, T ] by ϕˆt and correspondingly the best constant worst case portfolio
strategy on the time interval [t, T ] by ϕ¯t.
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1. For Ψ1 > Ψ0, there exist no constant crash hedging strategy. However, the
best constant worst case portfolio strategy is
ϕ¯t =

1
2
(
π∗0 +
1
k∗
)
−
√
1
4
(
π∗0 −
1
k∗
)2
+
1
σ20 (T − t)

+ .
2. For r0 ≤ Ψ1 ≤ Ψ0, the constant crash hedging strategy is given by
ϕˆ = π∗0 −
√
2
σ20
(Ψ0 −Ψ1),
which is independent of the investment horizon [t, T ]. The best constant
worst case portfolio strategy is
ϕ¯t = min



1
2
(
π∗0 +
1
k∗
)
−
√
1
4
(
π∗0 −
1
k∗
)2
+
1
σ20 (T − t)

+ , ϕˆ

 .
3. For Ψ1 < r0 the constant crash hedging strategy ϕˆt is the solution of
ln (1− ϕˆtk∗) =
[
Ψ0 −Ψ1 − σ
2
0
2
(ϕˆt − π∗0)2
]
(T − t) .
This portfolio strategy is also the best constant worst case portfolio strategy,
thus ϕˆt = ϕ¯t.
Proof:
to 1: It remains to show that the best constant worst case portfolio strategy can
not become negative. However, the expected worst case utility function of
the investor has for ϕ ≤ 0 the appearance
v−(ϕ) := ln(x) +
(
Ψ0 − σ
2
0
2
(ϕ− π∗0)2
)
(T − t) .
It is straightforward to verify, that πB ≡ 0 maximizes this function for
ϕ ≤ 0, since π∗0 ≥ 0. This concludes the first statement.
to 2: Follows analog to the above.
to 3: It remains to show that the constant crash hedging strategy is already the
best constant worst case portfolio strategy if Ψ1 < r0. Since ν¯1 (t, x (1− ϕk∗))
is decreasing in ϕ, it follows that ϕ¯t ≤ ϕˆt. However, any ϕ < ϕˆt gives a
lower worst case bound than ϕˆt, since v−(ϕ) is monotonously increasing in
ϕ for ϕ ≤ 0 (and π∗0 ≥ 0). Thus, ϕ¯t = ϕˆt.
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This proves the proposition. 
For µ0 < r0 one gets the following proposition.
Proposition 2.16
Let be µ0 < r0. With the notation of Proposition 2.15, the following is valid.
1. For Ψ1 > Ψ0 there exist no constant crash hedging strategy. However, the
best constant worst case portfolio strategy is π∗0.
2. For r0 ≤ Ψ1 ≤ Ψ0 there exit a constant crash hedging strategy only if
ln (1− π∗0k∗) ≤ (Ψ0 −Ψ1) (T − t) .
In this case, the constant crash hedging strategy is given by ϕˆt = ϕt, where
ϕt is the solution of
ln (1− ϕtk∗) =
(
Ψ0 −Ψ1 − σ
2
0
2
(ϕt − π∗0)2
)
(T − t) ,
where the solution is chosen which is less or equal than π∗0. The best constant
worst case portfolio strategy is given by
ϕ¯t :=
{
ϕˆt if ln (1− π∗0k∗) ≤ (Ψ0 −Ψ1) (T − t)
π∗0 if ln (1− π∗0k∗) > (Ψ0 −Ψ1) (T − t)
}
.
3. For Ψ1 < r0 the constant crash hedging strategy is given implicitly by
ln (1− ϕˆtk∗) =
(
Ψ0 −Ψ1 − σ
2
0
2
(ϕˆt − π∗0)2
)
(T − t) .
The best constant worst case portfolio strategy is ϕ¯t = min (ϕˆt, π
∗
0).
Proof:
to 1: It is clear that there exists no crash hedging strategy in this case. The
worst case is that no crash happens. Since
v−(ϕ) := ln(x) +
(
Ψ0 − σ
2
0
2
(ϕ− π∗0)2
)
(T − t) ,
it is straightforward that the best constant worst case portfolio strategy is
ϕˆt = π
∗
0.
to 2: In this situtation, either no crash or a crash at the begining is the worst
case. The defining equation for the crash hedging strategy is
v−(ϕ) = ν¯1(x, t)
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⇐⇒ ln (x) +
[
Ψ0 − σ
2
0
2
(ϕ− π∗0)2
]
(T − t)
= ln (x) + ln (1− ϕk∗) + Ψ1 (T − t)
⇐⇒ ln (1− ϕk∗) =
[
Ψ0 −Ψ1 − σ
2
0
2
(ϕ− π∗0)2
]
(T − t) .
The last equation has a solution if and only if
ln (1− π∗0k∗) ≤ (Ψ0 −Ψ1) (T − t) .
In the case that equality holds there exists exactly one solution, namely
ϕˆ = π∗0. If the inequality holds there exists two solutions with ϕ1 > π
∗
0 > ϕ2.
Because of the monotonicity of ν¯1 the rational choice is ϕˆ = ϕ2.
For ln (1− π∗0k∗) > (Ψ0 −Ψ1) (T − t) there exist no constant crash hedging
strategy, since
ln (1− ϕk∗) >
[
Ψ0 −Ψ1 − σ
2
0
2
(ϕ− π∗0)2
]
(T − t) for all ϕ ≤ 0.
In this situation the worst case is given by no crash. Hence, the best
constant worst case portfolio strategy is ϕ¯ = π∗0 as it has been shown
above. Since ν− (ϕ) is strictly increasing for ϕ < π
∗
0, it is straightforward
that ϕ¯t = ϕˆt, if a constant crash hedging strategy exists.
to 3: For Ψ1 < r0, it is straightforward to verify that the equation
ln (1− ϕk∗) =
[
Ψ0 −Ψ1 − σ
2
0
2
(ϕ− π∗0)2
]
(T − t)
has a unique solution, which is equivalent to ϕˆt. Moreover,
ϕ¯t =
{
ϕˆt if ϕˆt < π
∗
0
π∗0 else
}
.
This is due to the fact that ν¯ϕ assumes it maximum in π
∗
0 and is strictly
increasing for ϕ < π∗0, and that ν¯1 is decreasing in ϕ.
This concludes the proposition. 
2.5 The Investor with Blurred Information
Assume now that the investor knows the market coefficient of the initial market
0 (e.g. by observation or by estimation). However, the inverstor does not know
the market coefficients after a possible crash. Instead he does only know possible
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ranges for the market coefficients after a possible crash. More specific, let us sup-
pose that the investor thinks that the market coefficients of market 1, that is r1,
µ1, and σ1 will be within the range of [r1∗, r
∗
1], [µ1∗, µ
∗
1], and [σ1∗, σ
∗
1] with σ1∗ > 0,
respectively. An investor with such information will be called an investor with
blurred information and his crash hedging strategy will be named πˆbi (where
the bi in the subscript stands for blurred information). Hence, the worst case
scenario portfolio problem of the investor with blurred information is
inf
r1∈[r1∗,r∗1],
µ1∈[µ1∗,µ∗1],σ1∈[σ1∗,σ∗1]
sup
π(·)∈A(x)
inf
0≤τ≤T,
k∈K
E [ln (Xπ(T ))] . (31)
Proposition 2.17
1. If Ψ1min ≥ r0, then there exists a unique crash hedging strategy πˆbi, which is
given by the solution of the differential equation
πˆ′bi(t) =
(
πˆbi(t)− 1
k∗
)[
σ20
2
(πˆbi(t)− π∗0)2 +Ψ1min −Ψ0
]
, (32)
and πˆbi(T ) = 0. (33)
Moreover, this crash hedging strategy is bounded by 0 ≤ πˆbi ≤ 1k∗ , if Ψ1min >
Ψ0. In the case of Ψ1min ≤ Ψ0, the crash hedging strategy is additionally
bounded by
0 ≤ πˆbi ≤ π∗0 −
√
2
σ20
(Ψ0 −Ψ1min).
2. If Ψ1min < r0, then there exists a unique crash hedging strategy πˆbi, which is
given by the solution of the differential equation
πˆ′bi(t) =
(
πˆbi(t)− 1
k∗
)[
σ20
2
(πˆbi(t)− π∗0)2 +Ψ1min −Ψ0
]
, (34)
and πˆbi(T ) = 0. (35)
Furthermore, this crash hedging strategy is bounded by
π∗0 −
√
2
σ20
(Ψ0 −Ψ1min) ≤ πˆbi(t) < 0 for t ∈ [0, T ).
3. If Ψ1min < Ψ0 and π
∗
0 < 0, there exists a partial crash hedging strategy π˜bi
(which is different from πˆbi), if
S := T − ln (1− π
∗
0k∗)
Ψ0 −Ψ1min
> 0. (36)
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With this, π˜bi is on [0, S] given by the unique solution of the differential
equation
π˜′bi(t) =
(
π˜bi(t)− 1
k∗
)[
σ20
2
(π˜bi(t)− π∗0)2 +Ψ1min −Ψ0
]
, (37)
and π˜bi(S) = π
∗
0. (38)
On [S, T ] set π˜bi(t) := π
∗
0. This partial crash hedging strategy is bounded by
π∗0 −
√
2
σ20
(Ψ0 −Ψ1min) ≤ π˜bi ≤ π∗0 < 0.
The optimal portfolio strategy for an investor, who wants to maximize his
worst case scenario portfolio problem, is given by
π¯bi(t) := min {πˆbi(t), π˜bi(t), π∗0} , (39)
where π˜bi(t) is only taken into account if it exists. π¯bi will be denoted the optimal
crash hedging strategy of the investor with blurred information.
Proof: Considering the market 1, which eventually reigns after a crash, the
worst case for an investor is that Ψ1 – the utility growth potential – will be
minimal. Defining
Ψ1min := min {Ψ1 | r1 ∈ [r1∗, r∗1] , µ1 ∈ [µ1∗, µ∗1] , σ1 ∈ [σ1∗, σ∗1]} ,
the proof follows now as the proof of Theorem 2.5. 
A special case is the clueless investor. The clueless investor has only a notion
of what the interest rate might at least be. However, the clueless investor has
no idea about neither the expected rate of return nor the volatility. Hence, in
this situation the range of the market coefficients are r1 ∈ [r1∗,∞), µ1 ∈ R,
and σ1 ∈ (0,∞). It is straightforward to verify that the minimal utility growth
potential in market 1 is given by Ψ1min = r1∗. Thus the crash hedging strategy
of the clueless investor which will be named πˆcl (where the cl in the subscript
stands for clueless) calculates as in Proposition 2.17, but with Ψ1min = r1∗.
Remark 2.18
Note that r1∗ can be either positive or negative. However, the cases r1∗ = 0 and
r1∗ = r0 are probably the most important ones.
1. Given that the clueless investor assumes that r1∗ = r0, which implies that
πˆcl ≡ 0, this theory can explain why most people are not investing into the
stock market. No other portfolio theory can explain this fact.
However, if the clueless investor supposes that r1∗ = 0 < r0, which implies
that πˆcl < 0, the clueless investor should go short in the stock market. This
can not be observed in practise.
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2. Also if the case πˆcl > π
∗
0 is for π
∗
0 > 0 theoretical possible, it is practically
irrelevant. Moreover, in general, it is valid that πˆcl ≪ π∗0.
2.6 Costs and Benefits of the Crash Hedging
This section discusses the costs and the potential benefits of the crash hedging
strategy πˆ. It is important to keep in mind that all costs and benefits will be
stated in terms of utility, not in terms of prices.
In the following, let us consider only the case Ψ1 ≥ r0 and π∗0 ≥ 0. However,
the following applies basically also for the case Ψ1 < r0 and/or π
∗
0 < 0, if one
exchanges k∗ with k∗ if necessary.
Definition 2.19
1. The hedging cost c(t) against a crash are defined by
c(t) := ν0 (t, x)− νˆ (t, x) ,
where the costs are given by the loss in utility by using the crash indifferent
strategy πˆ instead of the classical strategy π∗0.
2. On the other hand, there are also benefits by taking the crash hedging strat-
egy πˆ. These benefits are given by the potential loss in utility by a worst
possible crash if the investor uses the classical optimal portfolio strategy π∗0
instead of the crash hedging strategy πˆ. Hence, the potential benefit b(t)
is
b(t) := ν0 (t, x)− ν1 (t, x (1− π∗0k∗)) .
Remark 2.20
A rational investor who ignores the threat of a crash, uses the well–known classical
optimal portfolio strategy π∗0. The potential costs of ignoring a possible crash are
given by b(t), since this is the loss in utility given the portfolio strategy π∗0 and a
crash of size k∗ at time t. Defining
b(t;π) := νπ (t, x)− ν1 (t, x (1− π(t)k∗)) ,
this is the potential loss in utility, if the investor uses the nonnegative portfolio
strategy π and a crash of size k∗ happens at time t. Note that
b(t; πˆ) = νˆ (t, x)− ν1 (t, x (1− πˆ(t)k∗)) = 0.
Moreover, the potential benefit of using the crash hedging strategy πˆ instead of
the classical optimal portfolio strategy π∗0 is
b(t;π∗0)− b(t; πˆ) = b(t)− 0 = b(t).
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Hence, it is justified calling b(t) the potential benefit of using πˆ instead of π∗0.
Observe that the investor only gets the potential benefit, if a worst possible crash
(namely of size k∗) happens. If only a crash of size k happens, the benefit is
bk(t) := ν0 (t, x)− ν1 (t, x (1− π∗0k)) .
Obviously, if no crash happens, there is no benefit.
The hedging cost function c(t) can be calculated to
c(t) = ln (x) + Ψ0 (T − t)− ln (x)−
T∫
t
[
Ψ0 − σ
2
0
2
(πˆ(s)− π∗0)2
]
ds
=
σ20
2
T∫
t
(πˆ(s)− π∗0)2 ds,
which shows that the costs of the crash hedging are independent of the wealth of
the investor. Hence, the hedging cost function c(t) is well defined. Notice that
equation (12) implies
c(t) = (Ψ0 −Ψ1) (T − t)− ln (1− πˆ(t)k∗) . (40)
Taking the derivative of c with respect to t gives the marginal hedging costs
c′(t) = −σ
2
0
2
(πˆ(t)− π∗0)2 ,
which are always decreasing in t.
Moreover, the potential benefit function b(t) can be calculated explicitly to
b(t) = ln (x) + Ψ0 (T − t)− [ln (x) + ln (1− π∗0k∗) + Ψ1 (T − t)]
= (Ψ0 −Ψ1) (T − t)− ln (1− π∗0k∗) ,
which also shows that b is well defined, since the benefit is independent of the
wealth of the investor. The marginal potential benefits are given by
b′(t) = − (Ψ0 −Ψ1) ,
which can be zero (case i)), negative (case ii)), or positive (case iii)). The following
lemma can be formulated now.
Lemma 2.21
The potential net benefit n(t) is given by
n(t) = ln
(
1− πˆ(t)k∗
1− π∗0k∗
)
.
Every crash hedging strategy πˆ will be pursuit by the rational investor only if
πˆ(t) ≤ π∗0.
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Proof: The potential net benefit calculates to
n(t) = b(t)− c(t)
= ln (1− πˆ(t)k∗)− ln (1− π∗0k∗) .
Since
n(t)
{
> 0 if πˆ < π∗0
< 0 if πˆ > π∗0,
any crash hedging strategy πˆ which is larger than π∗0 is disadvantageous for the
investor. The crash hedging strategy πˆ is advantageous to an investor, who wants
to maximize her worst case utility, if πˆ < π∗0. Hence, any rational investor will
pursuit the crash hedging strategy πˆ only if it is less or equal than the classical
optimal portfolio strategy π∗0. 
Note that the net benefit only depends on the initial market conditions (via
π∗0) and is independent of the market conditions after a possible crash.
Remark 2.22
Observe that equation (40) can also be derived as follows
c(t) = ν0 (t, x)− νˆ (t, x)
= ν0 (t, x)− ν1 (t, x (1− πˆ(t)k∗))
= (Ψ0 −Ψ1) (T − t)− ln (1− πˆ(t)k∗) .
With this, the marginal hedging costs are
c′(t) = − (Ψ0 −Ψ1) + πˆ
′(t)k∗
1− πˆ(t)k∗ ,
where the equivalence of these marginal costs with the marginal costs calculated
above are also guaranteed by equation (13).
Finally, let us calculate the costs of having only blurred information. There-
fore, consider the costs of using the crash hedging strategy πˆbi
cbi(t) := (Ψ0 −Ψ1min) (T − t)− ln (1− πˆbi(t)k∗) .
Hence, the costs of having only blurred information are
cbi(t)− c(t) = ln
(
1− πˆ(t)k∗
1− πˆbi(t)k∗
)
+ (Ψ1 −Ψ1min) (T − t) .
In general, these costs are positive. More specific, these costs are positive, if
πˆbi ≤ πˆ, or if
(Ψ1 −Ψ1min) (T − t) > − ln
(
1− πˆ(t)k∗
1− πˆbi(t)k∗
)
.
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2.7 Arbitrary Number of Crashes
Let us assume there are n crashes expected within the time horizon T . The
market coefficient after the j–th crash will be denoted by rj, µj, and σj. Again,
for simplicity, this will be called the market j. In accordance with Definition 2.3
π∗j and Ψj are defined likewise. Moreover, let us suppose that the j–th crash
ranges in size between k∗j and k
∗
j , with 0 < k∗j < k
∗
j < 1. The crash hedging
strategy for market j will be called πˆj. Furthermore, setting πˆn := π
∗
n (since no
more crash is expected, this is justified), one has the following theorem.
Theorem 2.23
For j = 0, . . . , n− 1, there exists unique crash hedging strategies πˆj.
1. If Ψj+1 ≥ rj, then πˆj is given by the solution of the differential equation
πˆ′j(t) =
(
πˆj(t)− 1
k∗j
)[
σ2j
2
(
πˆj(t)− π∗j
)2
(41)
− σ
2
j+1
2
(
πˆj+1(t)− π∗j+1
)2
+Ψj+1 −Ψj
]
,
and πˆj(T ) = 0. (42)
Moreover, these crash hedging strategies are bounded by 0 ≤ πˆj < 1k∗j , if
Ψj+1 > Ψj. In the case of Ψj+1 ≤ Ψj, the crash hedging strategy is addi-
tionally bounded by
0 ≤ πˆj < π∗j −
√
2
σ2j
(Ψj −Ψj+1).
2. If Ψj+1 < rj, then πˆj is given by the solution of the differential equation
πˆ′j(t) =
(
πˆj(t)− 1
k∗j
)[
σ2j
2
(
πˆj(t)− π∗j
)2
(43)
− σ
2
j+1
2
(
πˆj+1(t)− π∗j+1
)2
+Ψj+1 −Ψj
]
,
and πˆj(T ) = 0. (44)
Furthermore, this crash hedging strategy is bounded by
π∗j −
√
2
σ2j
(Ψj −Ψj+1) < πˆj(t) < 0 for t ∈ [0, T ).
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3. If Ψj+1 < Ψj and π
∗
j < 0, there exists a partial crash hedging strategy π˜j
(which is different from πˆj), if
Sj := T −
ln
(
1− π∗jk∗j
)
Ψj −Ψj+1 > 0. (45)
With this, π˜j is on [0, Sj] given by the unique solution of the differential
equation
π˜′j(t) =
(
π˜j(t)− 1
k∗j
)[
σ2j
2
(
πˆj(t)− π∗j
)2
(46)
− σ
2
j+1
2
(
π˜j+1(t)− π∗j+1
)2
+Ψj+1 −Ψj
]
,
and π˜j(Sj) = π
∗
j . (47)
On [Sj, T ] set π˜j(t) := π
∗
j . This partial crash hedging strategy is bounded by
π∗j −
√
2
σ2j
(Ψj −Ψj+1) < π˜j ≤ π∗j < 0.
The optimal portfolio strategy for an investor, who wants to maximize her worst
case scenario portfolio problem, is given by
π¯j(t) := min
{
πˆj(t), π˜j(t), π
∗
j
}
, (48)
where π˜j(t) is only taken into account if it exists. π¯j is denoted the optimal
crash hedging strategy in market j.
Proof: Obviously, for j = n − 1 the above statement corresponds to Theorem
2.5. Hence, assume that j < n − 1. Let be Ψj+1 ≥ rj and let νˆj be the corre-
sponding value function of the portfolio strategy πˆj. The necessary condition for
a crash hedging strategy is then
νˆj (t, x) = νˆj+1
(
t, x
(
1− πˆj(t)k∗j
))
.
This equation states that the expected utility should be equal, no matter whether
a crash of the worst possible size happens or not. Using the definition of νˆ and
further transforming gives
ln (x) +
T∫
t
[
Ψj −
σ2j
2
(
πˆj(s)− π∗j
)2]
ds
= ln (x) + ln
(
1− πˆj(t)k∗j
)
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+
T∫
t
[
Ψj+1 −
σ2j+1
2
(
πˆj+1(s)− π∗j+1
)2]
ds
⇐⇒ ln (1− πˆj(t)k∗j ) =
T∫
t
[
Ψj −Ψj+1 −
σ2j
2
(
πˆj(s)− π∗j
)2
+
σ2j+1
2
(
πˆj+1(s)− π∗j+1
)2]
ds.
Differentiation yields now
−πˆ′j(t)k∗j
1− πˆj(t)k∗j
= Ψj+1 −Ψj +
σ2j
2
(
πˆj(t)− π∗j
)2 − σ2j+1
2
(
πˆj+1(t)− π∗j+1
)2
,
which gives the asserted differential equation. The differential equation for the
case Ψj+1 < rj can be derived analog. The remainder follows as in the proof of
Theorem 2.5. 
2.8 Deterministic Portfolio Strategies
Definition 2.24
Let π be an admissible portfolio strategy.
πd(t) := E [π(t)] for all t ∈ [0, T ]
will be called the corresponding deterministic portfolio strategy to pi.
Because of the construction of πd there exist Ω1 and Ω2, which are subsets of
Ω, such that
P (Ω1) > 0 and P (Ω2) > 0 and
π (t, ω1) ≤ πd(t) ≤ π (t, ω2) for all ω1 ∈ Ω1, ω2 ∈ Ω2, and t ∈ [0, T ].
This implies that πd is admissible.
Definition 2.25
Let us define
kπ(t) := k
∗ · 1l{π(t)≥0} + k∗ · 1l{π(t)<0}.
Lemma 2.26
Let π be an admissible portfolio strategy. Then the corresponding deterministic
portfolio strategy to π yields in the initial crash–free market at least the same
expected final utility as π. If, additionally
Aπ(t) := ln (1− E [π(t)] kπd(t))− E [ln (1− π(t)kπ(t))]
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≥ 0
holds, then πd yields in the initial market with a possible crash at least the same
worst case expected final utility as π.
Proof: Using the Theorem of Fubini, one has for any admissible portfolio
strategy π
νπ(t, x) = ln(x) + E

 T∫
t
Ψ0 − σ
2
0
2
(π(s)− π∗0)2 ds


= ln(x) +
T∫
t
Ψ0 − σ
2
0
2
E
[
(π(s)− π∗0)2
]
ds
= ln(x) +
T∫
t
Ψ0 − σ
2
0
2
(E [π(s)]− π∗0)2 −
σ20
2
Var (π(s)) ds
= ln(x) +
T∫
t
Ψ0 − σ
2
0
2
(πd(s)− π∗0)2 −
σ20
2
Var (π(s)) ds
= νπd(t, x)−
σ20
2
Var (π(s)) ds
≤ νπd(t, x).
This is the case if no crash happens. In the case that a crash has happened, one
gets with
Aπ(t) = ln (1− E [π(t)] kπd(t))− E [ln (1− π(t)kπ(t))] ≥ 0
the following
ν1 (t, x (1− π(t)kπ(t))) = ln(x) + E [ln (1− π(t)kπ(t))] + Ψ1 (T − t)
= ln(x) + ln (1− πd(t)kπd(t)) + Ψ1 (T − t)− Aπ(t)
= ν1 (t, x (1− πd(t)kπd(t)))− Aπ(t)
≤ ν1 (t, x (1− πd(t)kπd(t))) .
This proves the assertion. 
Remark 2.27
The condition Aπ(t) ≥ 0 holds for example if π(t) ≥ 0 P -a.s. or if πd(t) < 0.
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2.9 Geometric Interpretation of the Crash Hedging Strat-
egy
Let us consider only the case π∗0 ≥ 0. Setting
Bπ(t) :=
σ20
2
T∫
t
Var (π(s)) ds ≥ 0
and using the Theorem of Fubini, νπ can be rewritten as
νπ(t, x) = ln(x) +
T∫
t
[
Ψ0 − σ
2
0
2
(E [π]− π∗0)2
]
ds−Bπ(t),
as it has been seen in the proof of Lemma 2.26. There are two different possibil-
ities to take into consideration.
1. (E [π(s)]− π∗0)2 < (πˆ(s)− π∗0)2. This inequality is valid, if either
i) 0 ≤ E [π(s)]− π∗0 < πˆ(s)− π∗0 ⇐⇒ π∗0 ≤ E [π(s)] < πˆ(s) or
ii) 0 ≥ E [π(s)]− π∗0 > πˆ(s)− π∗0 ⇐⇒ πˆ(s) < E [π(s)] ≤ π∗0.
Applying the above inequality yields
νπ(t, x) > νˆ(t, x)−Bπ(t)
=⇒ νπ(t, x) ≥ νˆ(t, x),
where the last inequality holds only if the variance of π is small enough.
Thus, this inequality holds e.g. for all deterministic portfolio strategies,
which obviously satisfy Bπ ≡ 0.
2. (E [π(s)]− π∗0)2 > (πˆ(s)− π∗0)2. This inequality is valid, if either
iii) E [π(s)]− π∗0 > πˆ(s)− π∗0 ≥ 0 ⇐⇒ E [π(s)] > πˆ(s) ≥ π∗0 or
iv) E [π(s)]− π∗0 < πˆ(s)− π∗0 ≤ 0 ⇐⇒ E [π(s)] < πˆ(s) ≤ π∗0.
Using the above inequality gives
νπ(t, x) < νˆ(t, x)−Bπ(t)
≤ νˆ(t, x).
In order to analyse the situation after a possible crash, let us use
ν1 (t, x (1− π(t)kπ(t))) = ln(x) + ln (1− E [π(t)] kπd(t)) + Ψ1 (T − t)− Aπ(t),
which has been derived in the proof of Lemma 2.26. There are two different cases
to be regarded.
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I) E [π(t)] > πˆ(t) ⇐⇒ ln (1− E [π(t)] kπd(t)) < ln (1− πˆ(t)kπˆ(t)), since
this also implies that kπd(t) ≥ kπˆ(t). Thus this case yields
ν1 (t, x (1− π(t)kπ(t))) < ν1 (t, x (1− πˆ(t)kπˆ(t)))− Aπ(t)
≤ ν1 (t, x (1− πˆ(t)kπˆ(t))) ,
given that Aπ(t) ≥ 0.
II) E [π(t)] < πˆ(t) ⇐⇒ ln (1− E [π(t)] kπd(t)) > ln (1− πˆ(t)kπˆ(t)), since
this also implies that kπd(t) ≤ kπˆ(t). Hence, this case gives
ν1 (t, x (1− π(t)kπ(t))) > ν1 (t, x (1− πˆ(t)kπˆ(t)))− Aπ(t)
≥ ν1 (t, x (1− πˆ(t)kπˆ(t))) ,
if either Aπ(t) ≥ 0 is small enough or Aπ(t) ≤ 0.
Let us dicuss Figure 1 by considering only deterministic portfolio strategies
which is justified by Lemma 2.26. For deterministic portfolio strategies, Bπ and
Aπ are equal to zero. Let us denote
ν1,π (t, x) := ν1 (t, x (1− π(t)kπ(t))) .
An investor who pursues a portfolio strategy which lies in the area iv) (and thus
area II)) is better of after an immediate crash compared to if no crash happens.
To see this, case iv) gives νπ < νˆ and case II) gives ν1,π > ν1,πˆ. Hence
νπ < νˆ = ν1,πˆ < ν1,π,
which shows that this investor favors a crash.
On the contrary in the situation of ii) the investor is better of with no crash
happening, since
νπ > νˆ = ν1,πˆ > ν1,π.
Being in the situation of iii) an investor will always have a higher utility by using
the crash hedging strategy πˆ. This is, because case iii) delivers νπ < νˆ and case
I) yields ν1,π < ν1,π∗
0
, where this last inequality is due to the monotonicity of the
logarithm and thus of ν1,π in π.
The remaining possibilities can only happen if Ψ1 > Ψ0. Using a strategy
which lies in area iii) yields always a lower utility than using the crash hedging
strategy. Being in area i), it is always better to use the classical crash–free optimal
portfolio strategy π∗0. This is due to the fact that ν1,π∗0 > ν1,π and ν0 > νπ for all
π which lie in area i).
In order to analyse the situation v), it is important to realize that ν0 ≤ ν1,π∗
0
.
Equality clearly holds in t0, which is the upper right corner of area v) in Figure
1. Moreover, the inequality holds, since Ψ1 > Ψ0 in this situation. Hence,
νπ < ν0 = ν1,π∗
0
< ν1,π.
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Figure 1: Geometric Interpretation of the Crash Hedging Strategy
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This graphic shows how νpi and νˆ relate to each other. Note that the areas i), iii),
and v) can only occur if Ψ1 > Ψ0 and the time horizon is sufficient large. Moreover
notice that the area I) is the union of the areas ii), iii) and vi) while the area II) is the
union of the areas i), iv), and v). The solid arrows indicate the possibility to increase
the expected utility in market 0 as well as in market 1 in the given area by simply
reducing pi. The first dashed arrow in an area indicates the possibility to increase the
expected utility in market 0 by simply increasing pi. The second dashed arrow in an
area indicates the possibility to increase the expected utility in market 1 by simply
reducing pi.
No crash occurring will give the lowest expected utility for an investor being with
his portfolio strategy in area v). This investor will favor a crash.
All in all , it has been shown that the investor who pursues a portfolio strategy
π with π < min (πˆ, π∗0) favors a crash, since deviate from min (πˆ, π
∗
0) by reducing
π increases the expected utility after a possible crash, but reduces the expected
utility in the initial market. Using a strategy π with πˆ < π < π∗0 will increase
the expected utility in the initial market and reduce the expected utility after a
possible crash (compared to the strategy min (πˆ, π∗0)). An investor using such a
strategy favors that no crash happens and fears a possible crash. Using a strategy
π > π∗0 is never optimal.
For π∗0 < 0 the above geometric interpretation does not hold for πˆ, since the
Bellman–principle is violated – πˆ is no longer optimal on [S, T ] with S given by
(17). However, similar results can be obtained for π˜ – the partial crash hedging
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strategy.
2.10 Examples and Further Remarks
Observe that it is possible that π∗0 > π
∗
1, but φˆ
′
0(T ) < φˆ
′
1(T ) and thus φˆ0(t) < φˆ1(t)
for t ∈ [T − ǫ, T ] and for a suitable ǫ > 0. However, if the time horizon T is long
enough, it is valid that φˆ0(t) > φˆ1(t) for some t ∈ [0, δ] with δ > 0 being chosen
suitable (see Figure 2 and Figure 8).
Figure 2: Example π∗0 > π
∗
1, but φˆ
′
0(T ) < φˆ
′
1(T )
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This graphic shows φˆ0 (blue dash–dotted line), φˆ1 (red dash–dotted line), pi
∗
0
(blue
dotted line), and pi∗
1
(red dotted line).
1. Ψ1 = Ψ0 and pi
∗
0
≥ 0
Be aware that this case includes the case of non–changing market coefficient
(and it is not only this case). Moreover, this case is valid if the market
conditions change in such a way that the utility growth potential does not
change (see Figure 3). Note that in this case πˆ = φˆ0 6= φˆ1. The last
inequality is due to the fact that in general π∗0 6= π∗1.
The constant crash hedging strategy is ϕˆ = π∗0. Notice that it is possible
that the best constant worst case portfolio strategy ϕ¯t is greater than π¯(t)
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if t is sufficiently small and T sufficient large (see Figure 3). However, close
to the terminal investment period T it will always be less or equal than the
continuous optimal crash hedging strategy.
Figure 3: Example Ψ1 = Ψ0 and π
∗
0 ≥ 0
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This graphic shows pˆi = p¯i = φˆ0 (blue dash–dotted line with black background),
ϕˆ = pi∗
0
(blue dotted line), ϕ¯ (green line), φˆ1 (red dash–dotted line), and pi
∗
1
(red
dotted line).
2. Ψ1 > Ψ0 and pi
∗
0
≥ 0
There are several observations to make. First, note that the πˆ in this case
descents faster than φˆ0. Thus, πˆ(t) ≥ φˆ0(t) for all t ∈ [0, T ]. This can also
be verified in Figure 4. However, nothing comparable can be said about πˆ
and φˆ1.
According to Lemma 2.21 the optimal crash hedging strategy has to satisfy
πˆ ≤ π∗0. However, in this case it is possible that the crash hedging strategy
will become greater than π∗0 given that the time horizon is large enough and
π∗0 <
1
k∗
. To analyze this, define
t0 := T +
ln (1− π∗0k∗)
Θ2
+
π∗0 − 1k∗
∆1 · C arctan
(
π∗0
∆1
)
− 1
2Θ2
ln
(
∆21
(π∗0)
2 +∆21
)
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with
∆1 :=
√
2
σ20
(Ψ1 −Ψ0) and
Θ2 :=
σ20
2
(
π∗0 −
1
k∗
)2
+Ψ1 −Ψ0.
This point has been obtained by setting πˆ(t0) = π
∗
0 in equation (29) in
Proposition 2.11. Hence, if t0 ∈ (0, T ], then the optimal crash hedging
strategy is
π¯(t) :=
{
π∗0, for t ≤ t0
πˆ(t), for t > t0
,
as it can be verified in Figure 4.
Here, no constant crash hedging strategy exists. However, the best con-
stant worst case portfolio strategy is in the example always less than the
continuous optimal crash hedging strategy. Though this is not generally
true for this case.
Figure 4: Example Ψ1 > Ψ0 and π
∗
0 ≥ 0
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This graphic shows pˆi (black dashed line), p¯i (black line), ϕ¯ (green line), φˆ0 (blue dash–
dotted line), φˆ1 (red dash–dotted line), pi
∗
0
(blue dotted line), and pi∗
1
(red dotted line).
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3. r0 ≤ Ψ1 ≤ Ψ0 and pi
∗
0
≥ 0
Note that the πˆ in this case descents slower than φˆ0. This is, because
the correction term Ψ1 − Ψ0 is negative. Thus, πˆ(t) ≤ φˆ0(t) for all t ∈
[0, T ]. This can also be verified in Figure 5 and Figure 6. However, nothing
comparable can be said about πˆ and φˆ1.
Moreover, observe that 0 ≤ πˆ(t) < min (ϕˆ, 1
k∗
)
for all t ∈ [0, T ], as it
has been stated in Theorem 2.5. In particular, πˆ(0) −→ min (ϕˆ, 1
k∗
)
for
T −→∞ (see Figure 6).
The constant crash hedging strategy is ϕˆ = π∗0. Note that it is possible that
the best constant worst case portfolio strategy ϕ¯t is greater than π¯(t) if t
is sufficiently small and the investment horizon T is sufficiently large (see
Figure 5). Furthermore, 0 ≤ ϕ¯ ≤ ϕˆ as it has been stated in Proposition
2.15.
Figure 5: Example r0 ≤ Ψ1 ≤ Ψ0 and π∗0 ≥ 0
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This graphic shows pˆi = p¯i (black line), ϕˆ (cyan dotted line), ϕ¯ (green line), φˆ0 (blue
dash–dotted line), φˆ1 (red dash–dotted line), pi
∗
0
= 2 (blue dotted line), and pi∗
1
(red
dotted line).
4. Ψ1 < r0 and pi
∗
0
≥ 0
The crash hedging strategy which is also an optimal crash hedging strategy
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Figure 6: Example r0 ≤ Ψ1 ≤ Ψ0 and π∗0 ≥ 0, the long term behaviour
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This graphic shows the long term behaviour of pˆi = p¯i (black line), ϕˆ (cyan dotted
line), ϕ¯ (green line), φˆ0 (blue dash–dotted line), φˆ1 (red dash–dotted line), pi
∗
0
= 2
(blue dotted line), and pi∗
1
(red dotted line).
is negative. This means that the investor goes short of the risky asset in
this situation. The same is true for the constant crash hedging strategy
which is also a best constant worst case portfolio strategy (see Figure 7).
This is due to the fact that the earning potential after a crash – Ψ1 –
is even less as the risk free interest rate today – r0. This implies that the
investor can increase his expected worst case utility by going short and thus
taken sustantial losses into account as long as no crash happens. However,
if a crash happens the investor is able to transfer some of his utility to
the market 1 by using a short strategy which give him substantial gains in
utility.
It is amazing that it is optimal for the investor to go short even if the
probability of a crash is by no means sure.
As it has been stated in Proposition 2.15, the constant crash hedging strat-
egy is equal to the best constant worst case portfolio strategy.
5. Ψ1 > Ψ0 and pi
∗
0
< 0
The crash hedging strategy in this case is positive and greater or equal than
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Figure 7: Example Ψ1 < r0 and π
∗
0 ≥ 0
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This graphic shows pˆi = p¯i (black line), ϕ¯ = ϕˆ (green line with cyan dotted points),
φˆ0 (blue dash–dotted line), φˆ1 (red dash–dotted line), pi
∗
0
(blue dotted line), and pi∗
1
(red dotted line).
φˆ0 (see Figure 8). This is even though φˆ1 is only greater or equal than either
the crash hedging strategy or φˆ0 close to the terminal investment period.
The optimal crash hedging strategy is given by π∗0.
Furthermore, there exists no constant crash hedging strategy. However, the
best constant worst case portfolio strategy is also given by π∗0.
6. r0 ≤ Ψ1 ≤ Ψ0 and pi
∗
0
< 0
In this situation the crash hedging strategy is positive (see Figure 9).
Clearly, this is not optimal since it is like money (or utility for that reason)
throwing away. Hence, it is optimal for the investor to take the portfolio
strategy π∗0 at the end of her investment period and favoring a crash. How-
ever, if the investment period is so large that S defined in (17) is positive,
the partial crash hedging strategy π˜, given the solution of (18) and (19), is
an optimal crash hedging strategy and makes the investor crash indifferent
on [0, S]. However, on (S, T ] a crash is favorable for the investor.
Moreover, observe that ϕˆ = ϕ¯ on [0, S]. On (S, T ] no constant crash hedging
strategy does exit. However, ϕ¯ = π¯ on (S, T ], since π¯ is constant on (S, T ].
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Figure 8: Example Ψ1 > Ψ0 and π
∗
0 < 0
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This graphic shows pˆi (black dashed line), p¯i = ϕ¯ = pi∗
0
(blue dotted line with black
background), φˆ0 (blue dash–dotted line), φˆ1 (red dash–dotted line), and pi
∗
1
(red dotted
line).
7. Ψ1 < r0 and pi
∗
0
< 0
The crash hedging strategy is negative (see Figure 10 and Figure 11). How-
ever, it is still not the optimal worst case portfolio strategy. As in the last
case the optimal worst case porfolio strategy is given by π˜. For S > 0 the
optimal crash hedging strategy is given by π∗0 on [S, T ] and by π˜ on [0, S].
Again, as in case 6, the investor is crash indifferent on [0, S] and favors a
crash on (S, T ] if she uses the optimal crash hedging stratety.
This case (as well as case 6) shows the Bellman principle or optimality prin-
ciple (which is explained on page 5) nicely. Without knowing the Bellman
principle, one might – wrongly – guess that min {πˆ, π∗0} is the optimal crash
hedging strategy. Since πˆ is not optimal on [S, T ], it can neither be optimal
on [0, S], which is due to the Bellman principle. Therefore, applying the
Bellman principle leads to the solution π˜.
Moreover, observe that ϕˆ = ϕ¯ on [0, S]. On (S, T ] no constant crash hedging
strategy does exit. However, ϕ¯ = π¯ on (S, T ], since π¯ is constant on (S, T ].
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Figure 9: Example r0 ≤ Ψ1 ≤ Ψ0 and π∗0 < 0
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This graphic shows pˆi (black dashed line), p¯i = p˜i (black line), ϕˆ (cyan dotted line),
ϕ¯ (green line), φˆ0 (blue dash–dotted line), φˆ1 (red dash–dotted line), pi
∗
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line), and pi∗
1
(red dotted line).
2.11 Hedging against a Regime Shift
Let us consider the case k∗ = k∗ = 0. This means that no crash is expected to
happen. However, a so–called regime shift is supposed to occur, meaning that
the market coefficients change.
Thus, the former crash hedging equation (12) reduces to the following regime
shift hedging equation.
0 =
T∫
t
[
Ψ0 −Ψ1 − σ
2
0
2
(πˆrs(s)− π∗0)2
]
ds,
where the hedging strategy against a regime shift is denoted by πˆrs. Analysing
the above equation, it is straightforward to verify that the equation has only a
solution if Ψ1 ≤ Ψ0. Assuming this, it is easy to calculate that
πˆrs(s) = π
∗
0 ±
√
2
σ20
(Ψ0 −Ψ1).
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Figure 10: Example Ψ1 < r0 and π
∗
0 < 0, the long term behaviour
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This graphic shows pˆi (black dashed line), p¯i = p˜i (black line), ϕˆ (cyan dotted line),
ϕ¯ (green line), φˆ0 (blue dash–dotted line), φˆ1 (red dash–dotted line), pi
∗
0
(blue dotted
line), and pi∗
1
(red dotted line).
Hence, it is possible to hedge against a regime shift only if Ψ1 ≤ Ψ0. However,
what does this strategy connote? The hedging strategy is to reduce the expected
utility in the market 0 to the expected utility of market 1. Clearly, this strategy
is not optimal. The optimal strategy is π∗0 – the classical optimal strategy in the
model of Merton.
2.12 Implied Volatility
So far we have assumed that the time horizon T is the investment horizon. The
assumption was then, that within this investment horizon, there exists the pos-
sibility of a crash.
Let us suppose now that the investment horizon is T and the time horizon
for a possible crash is Sc with Sc < T . This means that the investor expects to
see a crash in the time interval [0, Sc]. Thus, Sc will be called the possible crash
horizon. The smaller Sc is, the more imminent is a crash considered possible
from the point of view of the investor.
Observe that the crash hedging strategy changes over time t, since the invest-
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Figure 11: Example Ψ1 < r0 and π
∗
0 < 0
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This graphic shows pˆi (black dashed line), p¯i = p˜i (black line), ϕˆ (cyan dotted line),
ϕ¯ (green line), φˆ0 (blue dash–dotted line), φˆ1 (red dash–dotted line), pi
∗
0
(blue dotted
line), and pi∗
1
(red dotted line).
ment horizon changes over time. In other words, the crash hedging strategy πˆ(t)
belongs to the investment horizon T − t. Thus, if the investment horizon is T + t
for some t ∈ [t0 − ε, t0 + ε] with ε > 0, the investment horizon would stay at T
for that period. Correspondingly, the crash hedging strategy would be constantly
staying at πˆ (t0) as long as the time is in the interval [t0 − ε, t0 + ε].
This observation justifies the following approach for the crash horizon. As
long as the crash horizon Sc does not change and is smaller than the investment
horizon T , the investor keeps a constant portfolio. More precisely, the investor
keeps πˆ(0;Sc) with an hypothetical investment horizon Sc.
π∗c (Sc) := πˆ(0;Sc) := πˆ(0), (49)
where πˆ(0) is the initial investment strategy of an investor who has the investment
horizon Sc. Using that the optimal portfolio process in the crash free model is
given by π∗0, equation (49) can be used to calculate an implied volatility.
σˆ2c (Sc) :=
µ0 − r0
πˆ(0;Sc)
. (50)
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This is the implied variance in the crash model given a specified utility function
and a crash horizon Sc. Subtracting the variance of the risky asset, one gets the
implied variance (read risk) of a crash.
σ2c (Sc) :=
∣∣σˆ2c (Sc)− σ20∣∣ .
Using the fact that
πˆ(0;Sc) = πˆ(T − Sc;T ) for arbitrary T ≥ Sc,
one can rewrite equation (50) as follows
σˆ2c (Sc) :=
µ0 − r0
πˆ(T − Sc;T ) for T ≥ Sc.
Therefore, it is possible to differentiate σˆ2c with respect to Sc
dσˆ2c (Sc)
dSc
=
µ0 − r0
πˆ2(T − Sc;T ) πˆ
′(T − Sc;T ).
If π′ is continuous from the right, one can take the limit T ↓ Sc, yielding
dσˆ2c (Sc)
dSc
=
µ0 − r0
πˆ2(0;Sc)
πˆ′(0;Sc),
thus showing the differentiability of the implied variance σˆ2c (Sc).
Using the differential equation (13), the derivative calculates to
dσˆ2c (Sc)
dSc
=
µ0 − r0
πˆ2(0;Sc)
πˆ′(0;Sc)
=
µ0 − r0
πˆ2(0;Sc)
(
πˆ(0;Sc)− 1
k∗
)[
σ20
2
(πˆ(0;Sc)− π∗0)2 +Ψ1 −Ψ0
]
.
The derivative of σˆ2c is decreasing for π
∗
0 > 0 and Ψ1 > r0, which is in accordance
with intuition. The implied variance gets lower as the crash horizon gets farther
away. The weaker threat of a possible crash is favorable for the investor. The
same is true for π∗0 < 0 and Ψ1 < r0. Here, the threat of a crash comes not from
the crash itself (since π∗0 < 0 it is acually favorable for the investor), but from
the very bad earning potential after a crash Ψ1 < r0.
However, the derivative of σˆ2c is increasing for π
∗
0 < 0 and Ψ1 > r0. The
implied variance gets greater as the crash horizon gets farther away. In this
situation the investor would favor a crash happening. This is due to the fact
that π∗0 < 0. The same is true for π
∗
0 > 0 and Ψ1 < r0. However, there is no
explanation for this behavior.
Notice that it is also possible to define an implied volatility via the optimal
crash hedging strategy π¯ instead of the crash hedging strategy πˆ. Denoting this
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implied variance by σ¯2c , it measures only the one–sided risk of a possible crash.
σ¯2c does not measure both sides of a possible crash as σˆ
2
c does. Using σ¯
2
c the
investor seems to be indifferent in certain situations to a change in the crash
horizon which is clearly not the case.
This variance depends on the investors risk behavior as well as on the crash
horizon, which is also fixed by the investor. Moreover, the implied variance
depends on the market coefficient after a possible crash. Thus, this is only the
individually perceived risk of a crash.
However, this model gives an explanation for the observed change in the
volatility over time, which is not possible within the Black–Scholes model.
Furthermore, this calculated implicit volatility can be used for option pric-
ing. Another application might be the possibility to calculate the intrinsic crash
horizon of the market.
For another approach to value options in a jump diffusion model, see Merton
[13]. There, however, one need the knowledge of the distribution of the jumps,
while in the worst case scenario model one need to know only the crash horizon.
However, both approaches make use of the utility function of the investor.
2.13 Optimal Portfolios Given the Probability of a Crash
Let us suppose in this section that the investor knows the probability of a crash
occurring. Let p, with p ∈ [0, 1], be the probability of a crash occurring. The
optimization problem writes to
sup
π(·)∈A(t,x)
inf
t≤τ≤T,
k∈K
Ep
[
ln
(
Xπ,t,x(T )
)]
:= sup
π(·)∈A(t,x)
{
p ·
{
inf
t≤τ≤T,
k∈K
E
[
ln
(
Xπ,t,x(T )
)]}
+ (1− p)E [ln (Xπ,t,x0 (T ))]
}
= sup
π(·)∈A(t,x)
{
p ·
{
inf
t≤τ≤T,
k∈K
E
[
ν1
(
τ,Xπ,t,x0 (τ) (1− π(τ)k)
)]}
+ (1− p)E [νπ (t, x)]
}
.
Observe that the two extemes, p ∈ {0, 1} are straightforward to solve.
1. p = 1: sup
π(·)∈A(t,x)
inf
t≤τ≤T,
k∈K
E1
[
ln
(
Xπ,t,x(T )
)]
= sup
π(·)∈A(t,x)
inf
t≤τ≤T,
k∈K
E
[
ln
(
Xπ,t,x(T )
)]
.
Thus, this is the original worst case scenario portfolio problem. The solution
is already known.
2. p = 0: sup
π(·)∈A(t,x)
inf
t≤τ≤T,
k∈K
E0
[
ln
(
Xπ,t,x(T )
)]
= sup
π(·)∈A(t,x)
E
[
ln
(
Xπ,t,x0 (T )
)]
,
which is the classical optimal portfolio problem. The solution is well–known
and is given by π∗0.
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Let us now consider the case p ∈ (0, 1). Denoting the crash hedging strategy in
this situation by πˆp and the corresponding utility function by νˆp (t, x) := νπˆp (t, x),
the defining equilibrium equation for the crash hedging strategy can be written
as
νˆp (t, x) = p · ν1 (t, x (1− πˆp(t)k∗)) + (1− p) νπˆp(t, x)
⇐⇒ νˆp (t, x) = p · ν1 (t, x (1− πˆp(t)k∗)) + (1− p) νˆp(t, x)
⇐⇒ νˆp (t, x) = ν1 (t, x (1− πˆp(t)k∗)) ,
hence πˆp ≡ πˆ. This result shows that the crash hedging strategy remains the
same even if the probability of a crash is known. Thus, this result justifies the
wording worst case szenario of the above developed concept. This is due to the
fact that the worst case szenario should be independent of the probability of the
worst case and which has been shown above. Let us summarize this result in a
proposition.
Proposition 2.28
The worst case scenario portfolio problem as it has been defined in Definition 2.2
is independent of the probability of the worst case, given that the probability of a
crash is positive.
If the probability of a crash is zero, the worst case scenario portfolio problem
reduces to the classical crash–free portfolio problem.
Obviously, the concept of the worst case szenario has the disadvantage that
additional information (namely the given probability of a crash) is not used.
However, if the probability of a crash and the probability of the crash size is
known, it is possible to construct the (lower) q–quantile crash hedging
strategy.
Assume that pc(t) ∈ [0, 1] is the probability of a crash at time t ∈ [0, T ] and
let p(k, t) ∈ [0, 1] be the density of the distribution function for a crash of size
k ∈ [k∗, k∗] at time t. Moreover, suppose that a function q : [0, T ] −→ [0, 1] is
given. With this define
kq (t;π) :=


0 if 1− pc(t) ≥ q(t)
inf
{
kq : 1− pc(t) + pc(t)
kq∫
k∗
p(k, t) dk ≥ q(t)
}
if 1−pc(t) < q(t)
and π ≥ 0
sup
{
kq : 1− pc(t) + pc(t)
k∗∫
kq
p(k, t) dk ≥ q(t)
}
else


for any given portfolio strategy π. This has the following interpretation. The
probability that at most a crash of size kq(t) at time t happens is q(t). Equiva-
lently, the probability that a crash higher than kq(t) will happen at time t is less
than 1− q(t). Obviously, this is a value at risk approach.
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Notice that the worst case of a nonnegative portfolio strategy is either a crash
of size k∗ or no crash. While the worst case of a negative portfolio strategy is either
a crash of size k∗ or no crash. Therefore, the q–quantile calculates differently for
negative portfolio strategies (see the third row) than for the nonnegative portfolio
strategies (see the second row). Furthermore, denote by
Kq(t) :=


{0} if kq(t) = 0
{0} ∪ [k∗, kq(t)] if kq(t) 6= 0 and π ≥ 0
{0} ∪ [kq(t), k∗] else

 .
Definition 2.29
1. The problem to solve
sup
π(·)∈A(x)
inf
0≤τ≤T,
k∈Kq(t)
E [ln (Xπ(T ))] , (51)
where the final wealth Xπ(T ) in the case of a crash of size k at time s is
given by
Xπ(T ) = [1− π(τ)k]Xπ,τ,Xpi0 (τ)1 (T ) , (52)
with X
π,τ,Xpi
0
(τ)
1 (t) as above, is called the (lower) q–quantile scenario
portfolio problem.
2. The value function to the above problem is defined via
νq(t, x) = sup
π(·)∈A(t,x)
inf
t≤τ≤T,
k∈Kq(t)
E
[
ln
(
Xπ,t,x(T )
)]
. (53)
3. A portfolio strategy πˆq determined via the equation
νπˆq (t, x) = ν1 (t, x (1− πˆq(t)kq(t))) for all t ∈ [0, T ] with kq(t) > 0
will be called a (lower) q–quantile crash hedging strategy.
4. A portfolio strategy π˜q is a partial (lower) q–quantile crash hedging
strategy, if it is for any t ∈ [0, T ] either a q-quantile crash hedging strategy
or a solution to the q-quantile scenario portfolio problem.
It is straightforward to see that the 1–quantile scenario portfolio problem is
equivalent to the worst case scenario portfolio problem in defintion 2.2. Moreover,
the 1–quantile crash hedging strategy is equivalent to the crash hedging strategy
in definition 2.4.
Notice that the q–quantile scenario portfolio problem is only a q–quantile
concerning the crash. The randomness of the market movement represented in
the model by a Brownian Motion has been averaged out, namely by taking the
expectation – and not the q–quantile.
Define the support of kq to be
supp (kq) := {t ∈ [0, T ] : kq(t) > 0} .
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Theorem 2.30
Let us suppose that kq is continously differentiable on supp (kq) with respect to t.
1. Then there exists a unique (lower) q-quantile crash hedging strategy πˆq,
which is on supp (kq) given by the solution of the differential equation
πˆ′q(t) =
(
πˆq(t)− 1
kq(t)
)[
σ20
2
(πˆq(t)− π∗0)2 +Ψ1 −Ψ0
]
− πˆq(t)k′q(t), (54)
πˆq(T ) = 0. (55)
For t ∈ [0, T ] \ supp (kq) set πˆq(t) := π∗0.
Moreover, the q–quantile crash hedging strategy is for t ∈ supp (kq) bounded
by
0 ≤ πˆq(t) < 1
kq(t)
≤ 1
k∗
if Ψ1 ≥ r0.
Additionally, if Ψ1 ≤ Ψ0 and π∗0 ≥ 0, the q–quantile crash hedging strategy
has another upper bound with πˆq < π
∗
0 −
√
2
σ2
0
(Ψ0 −Ψ1).
On the other side, if Ψ1 < r0 the q–quantile crash hedging strategy is
bounded by
π∗0 −
√
2
σ20
(Ψ0 −Ψ1) < πˆq(t) < 0 for t ∈ [0, T ).
2. If Ψ1 < Ψ0 and π
∗
0 < 0, there exists a partial q–quantile crash hedging
strategy π˜q at time t (which is different from πˆq), if
Sq(t) := T − ln (1− π
∗
0kq(t))
Ψ0 −Ψ1 > 0 for t ∈ supp (kq) . (56)
With this, π˜q(t) is given by the unique solution of the differential equation
π˜′q(t) =
(
π˜q(t)− 1
kq(t)
)[
σ20
2
(π˜q(t)− π∗0)2 +Ψ1 −Ψ0
]
− π˜q(t)k′q(t),
π˜q (Sq(t)) = π
∗
0.
For Sq(t) ≤ 0 set π˜q(t) := π∗0. This partial crash hedging strategy is bounded
by
π∗0 −
√
2
σ20
(Ψ0 −Ψ1) < π˜q ≤ π∗0 < 0.
If kq is independent of the time t, the optimal portfolio strategy for an investor,
who wants to maximize her q–quantile scenario portfolio problem, is given by
π¯q(t) := min {πˆq(t), π˜q(t), π∗0} for all t ∈ [0, T ], (57)
where π˜q will be taken into account, if it exists. π¯q will also be called the optimal
q–quantile crash hedging strategy.
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Remark 2.31
1. It is also possible to solve the above problem if kq is not continuously
differentiable. In order to verify this define πˆk to be the unique solution of
πˆ′k(t) =
(
πˆk(t)− 1
k
)[
σ20
2
(πˆk(t)− π∗0)2 +Ψ1 −Ψ0
]
and (58)
πˆk(T ) = 0, (59)
for k > 0. Set then πˆq(t) := πˆkq(t)(t) where the convention πˆ0(t) := π
∗
0 is
used in order to include the case kq(t) = 0. Note that this procedure is also
possible for continuously differentiable kq. However, only if kq is continu-
ously differentiable, it is possible that πˆq is also continuously differentiable.
2. Notice that πˆ′k1 < πˆ
′
k2
for k1 < k2. Hence, πˆk1 ≥ πˆk2 with strict inequality
applying on [0, T ). Thus, in particular, πˆq(t) > πˆ(t) for t ∈ [0, T ) for any q
which satisfies q(t) < 1 for t ∈ [0, T ). Moreover, πˆq1(t) ≤ πˆq2(t), if q1 > q2.
Hence, any πˆq will be in area ii) of Figure 1 (and possibly also in area iii)
and iv), if Ψ1 > Ψ0).
3. For this remark, let us suppose that the market conditions do not change,
hence Ψ1 = Ψ0. Moreover, keep in mind that any πˆk is bounded by π
∗
0 from
above. Thus, it is clear that
ψ(t) :=
{
0 for t = T
π∗0 else
}
is an upper bound for any πˆk with k > 0. Unfortunately, it is not possible
to show that
πˆk∗ −→ ψ
for k∗ ↓ 0 with k∗ 6= 0, since πˆk∗ is only known implicitly and not explicitly.
However, this is exactly what can be observed in practise (see e.g. Figure
12).
Moreover, keep in mind that the case k = 0 yields π∗0 as the optimal portfolio
with π∗0 6≡ ψ.
Proof of Theorem 2.30: If kq(t) is constant in t this theorem follows from
Theorem 2.5 by replacing k∗ with kq. To verify the differential equation in the
general case, keep in mind that by differentiating the – modified – equation (12)
with respect to t, kq(t) has also to be differentiated with respect to t. This leads
to the differential equation (54). 
The following figures (see Figure 13 and Figure 14) show the potential range
of the q–quantile crash hedging strategy and the optimal q–quantile crash hedging
strategy if kq(t) 6= 0. In the case of kq(t) = 0, πˆq(t) = π∗0 as well as π¯q(t) = π∗0.
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Figure 12: Example of k −→ 0 for Ψ1 = Ψ0 and π∗0 ≥ 0
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This graphic shows pˆi = pˆik∗ (black dashed line), pˆi k∗
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Figure 13 is an example of the case Ψ1 > Ψ0 and π
∗
0 ≥ 0. The market
coefficients are the same as in Figure 4, only the investment horizon is different.
Notice that πˆk∗ comes way faster close to its boundary
1
k∗
(which is in this example
equal to 20) than πˆk∗ to its boundary
1
k∗
(which is in this example equal to 5).
Figure 14 is an example of the case r0 < Ψ1 < Ψ0 and π
∗
0 < 0. The mar-
ket coefficients are the same as in Figure 9. For the q–quantile crash hedging
strategies the same statements hold as in the first example. However, the opti-
mal q–quantile crash hedging strategies are given by the partial q–quantile crash
hedging strategy π˜q. Note that π˜q depends on Sq which itself depends on kq.
Observe that S (which corresponds to k∗) is greater than S
∗ (which corresponds
to k∗).
2.14 Comparison with Traditional Crash Modelling
In the standard theory of portfolio optimization the possibility of a crash is taken
into account by considering a diffusion with jumps instead of a diffusion (see for
example Merton [13] or Aase [1]). In order to keep things simple, let us assume
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Figure 13: The Range of (Optimal) q–Quantile Crash Hedging Strategies
for Ψ1 > Ψ0 and π
∗
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This graphic shows pˆik∗ (black solid line), pˆik∗ (black dashed line), the range of possible
q–quantile crash hedging strategies (light grey and dark grey area), the range of
possible optimal q–quantile crash hedging strategies (dark grey area), and pi∗
0
(black
dotted line).
that the jump process is a summation of m different Poisson processes Nj with
intensity λj and jump size kj (for j = 1, . . . ,m). With this the price process of
the risky asset writes to
dP0,1(t) = P0,1(t)
[
µ0 dt+ σ0 dW (t)−
m∑
j=1
kj dNj(t)
]
, P0,1(0) = p1 . (60)
Given log–utility, the value function for a portfolio strategy π calculates to
νP,π(t, x) = E
[
ln
(
Xπ,t,x0 (T )
)]
= ln (x) + E

 T∫
t
[
Ψ0 − σ
2
0
2
(π(s)− π∗0)2
+
m∑
j=1
ln (1− π(s)kj)λj(s)
]
ds
]
.
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Figure 14: The Range of (Optimal) q–Quantile Crash Hedging Strategies
for r0 < Ψ1 < Ψ0 and π
∗
0 < 0
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This graphic shows pˆik∗ and p¯ik∗ (black solid line), pˆik∗ and p¯ik∗ (black dashed line), the
range of possible q–quantile crash hedging strategies (light grey area), the range of
possible optimal q–quantile crash hedging strategies (dark grey area), and pi∗
0
(black
dotted line).
If π as well as λj are deterministic for j = 1, . . . ,m, the expectation is redundant.
Assuming that m = 1, k1 = k and λ1 = λ is deterministic, the optimal
portfolio strategy π∗P calculates to
π∗P (t) =
σ20 + k (µ0 − r0)
2kσ20
−
√(
σ20 + k (µ0 − r0)
2kσ20
)2
+
kλ(t)− (µ0 − r0)
kσ20
=
1
2
(
π∗0 +
1
k
)
−
√
1
4
(
π∗0 −
1
k
)2
+
λ
σ20
.
For the derivation of the value function νP,π and the optimal portfolio strategy
π∗P see the Appendix. Figure 15 shows how the optimal portfolio strategy π
∗
P
depends on the crash height and the crash intensity for some specific market
coefficients.
Figure 16 depicts the level lines of the optimal portfolio strategy π∗P over the
crash height and the probability that no crash occurs within the next year. Given
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Figure 15: The Dependence of the Optimal Portfolio Strategie π∗P
on the Crash Height and the Crash Intensity
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intensity λ. The market coefficients are assumed to be r0 = 0.05, µ0 = 0.1 and
σ0 = 0.2.
a crash height of k = 0.2, note that the optimal portfolio strategy π∗P is in this
setting already negative if the probability of no crash occurring is about 0.7 or
less.
Clearly,
π∗P (t)


> 0 for λ(t) < µ0−r0
k
, given that µ0 > r0
= 0 for λ(t) = µ0−r0
k
, given that µ0 > r0
< 0 else

 .
In accordance with the market price of risk (which is defined as µ0−r0
σ
), µ0−r0
k
will be called the market price of a crash with size k. For t −→ T , one has
π∗P (t) −→ 0
⇐⇒ λ(t) −→ µ0 − r0
k
.
Observe that it is possible that the optimal crash hedging strategy π¯ is posi-
tive and the optimal portfolio strategy π∗P is negative. This is due to the different
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Figure 16: Level Lines of the Optimal Portfolio Strategie π∗P
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This graphic shows the level lines of the optimal portfolio strategy pi∗
P
. The variables
are the crash height k and the probability that no crash occurs within the next year.
The market coefficients are assumed to be r0 = 0.05, µ0 = 0.1 and σ0 = 0.2.
optimization problems. However, this does not imply that the expected utility of
the investor is in the worst case portfolio problem greater than in the above port-
folio problem model for price processes with jumps. Keeping the above example
(see Figure 16) in mind, there might be the “feeling” that the optimal portfolio
strategy π∗P is in some cases too risky in some sense.
The worst case scenario portfolio problem approach is an alternative which
remedies some aspects of the classical portfolio problem. The main aspects are
that
• there are no probabilistic assumptions about the crash,
• the wealth fraction invested in the risky asset will be reduced to zero as the
terminal investment time approaches (if π∗0 ≥ 0), and
• the optimal crash hedging strategy does not “feel” as risky as the optimal
portfolio strategy π∗P .
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However, it remains to find some mathematical function or procedure which can
quantitize the feeling of one strategy being riskier than another.
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3.1 The Set Up
As in the case of logarithmic utility, let us start with the most basic setting and
consider a security market consisting of a riskless bond and a single risky security
with prices given by
dP0,0(t) = P0,0(t) r0 dt , P0,0(0) = 1 , (61)
dP0,1(t) = P0,1(t) [µ0 dt+ σ0 dW (t)] , P0,1(0) = p1 , (62)
with constant market coefficients µ0, r0 and σ0 6= 0 in “normal times” and where
W is a Brownian Motion on a complete probability space (Ω,F , P ). Assume
further that at most one crash can happen within the time horizon T . At the
“crash time” the stock price suddenly falls. More specific, suppose that the sud-
den relative fall of the stock price lies in the interval [k∗, k
∗], where the constants
0 < k∗ < k
∗ < 1 (“the lowest and the worst possible crash size, respectively”) are
given.
Again, let us model the occurrence of a crash by a jump process N(t) which
is zero before the jump time and equals one from the jump time onwards. Let
us require that N lives also on (Ω,F , P ). To model the fact that the investor is
able to realize that a jump of the stock price has happened it is supposed that
the investor’s decisions are adapted to the P -augmentation {Ft} of the filtration
generated by both the Brownian motion W (t) and the jump process N(t).
Let us further suppose that the market conditions change after a possible
crash. Moreover suppose that the change in the coefficients depends on the
height of the crash. Thus, after a crash of height k, we observe the coefficients
r1(k), µ1(k), and σ1(k) 6= 0. Let therefore k (with k ∈ [k∗, k∗]) be the arbitrary
size of a crash at time τ . The price of the bond and the risky asset is assumed
to be
dP1,0(t; k) = P1,0(t; k) r1(k) dt , P1,0(τ ; k) = P0,0(τ) , (63)
dP1,1(t; k) = P1,1(t; k) [µ1(k) dt+ σ1(k) dW (t)] , P1,1(τ ; k) = (1− k)P0,1(τ),(64)
after a possible crash of size k at time τ .
For simplicity, the initial market will also be called market 0, while the market
after a crash will be called market 1.
In order to avoid redundant definitions, the following definitions will be given
for market i with i ∈ {0, 1} and for crash height k with k ∈ [k∗, k∗]. However,
market 0 is independent of k. Hence, the variable k is redundant if the definitons
are applied for i = 0. This fact has to be kept in mind for the following definitions.
Definition 3.1
1. For i ∈ {0, 1}, letAi(s, x; k) be the set of admissible portfolio processes
π(t) corresponding to an initial capital of x > 0 and a crash height of k at
time s, i.e. {Ft, s ≤ t ≤ T}–progressively measurable processes such that
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(i) the wealth equation in market i in the usual crash–free setting
dXπ,s,xi (t; k) = X
π,s,x
i (t; k) [(ri(k) + π(t) [µi(k)− ri(k)]) dt (65)
+π(t)σi(k) dWi(t)] ,
Xπ,s,xi (s; k) = x (66)
has a unique non–negative solution Xπ,s,xi (t; k) and satisfies
T∫
s
[π(t)Xπ,s,xi (t; k)]
2 dt <∞ P–a.s. , (67)
i.e. Xpi,s,xi (t; k) is the wealth process in market i in the crash–
free world, which uses the portfolio strategy π and starts at time s
with initial wealth x.
Furthermore, Xπi (t; k) := X
π,0,x
i (t; k) will be used as an abbreviation.
(ii) π(t) has left–continuous paths with right limits.
2. the corresponding wealth process Xpi(t) in the crash model, defined
as
Xπ(t) =
{
Xπ0 (t) for s ≤ t < τ
[1− π(τ)k]Xπ,τ,Xpi0 (τ)1 (t; k) for t ≥ τ ≥ s ,
(68)
given the occurrence of a jump of height k at time τ , is strictly positive.
Thereby, it is assumed that the crash time τ is a stopping time, which is
supposed to be Ft–measurable. The set of admissible portfolio strategies is
obviously given by A0(s, x) as long as no crash happens. After a crash of
height k at time τ the set is given by A1(τ, x; k). Hence,
A(s, x) := A0(s, x)
∣∣∣∣
[0,τ ]
∪ A1(τ, x; k).
3. The market model X1 is called consistent with the market model X0, if
Xπ,x,s1 (t; 0) = X
π
0 (t). This is a natural definition, since k = 0 means, that
there is no crash so far. Thus, in k = 0 the market model X0 rules.
4. A(x) is used as an abbreviation for A(0, x).
With these definitions it is possible to state the worst case scenario portfolio
problem. Note that due to the lack of statistical assumptions on the distribution
of both the crash height and the crash time, the problem cannot be dealt with
by simply maximizing the expected utility of final wealth. However, the crash
consequence has to be taken into account in some way. The approach of this
thesis is to maximize the utility of the worst case possible.
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Let Ui be the utility function (i.e. a strictly concave, monotonously increasing
and differentiable function) of the investor being in market i for i ∈ {0, 1}. This
can be interpreted in such a way that the investor values the risk differently
after she actually observed a crash. Given that a crash happens at time s with
s ∈ [0, T ], denote
Us(x) := U0(x) · 1l[0,s) + U1(x) · 1l[s,T ].
With this convention it is possible to make the following definition.
Definition 3.2
1. The problem to solve
sup
π(·)∈A(x)
inf
0≤τ≤T,
k∈K
E [Uτ (X
π(T ))] , (69)
where the final wealth Xπ(T ) in the case of a crash of size k at time τ is
given by
Xπ(T ) = [1− π(τ)k]Xπ,τ,Xpi0 (τ)1 (T ; k) , (70)
with X
π,τ,Xpi
0
(τ)
1 (t; k) as above, is called the worst case scenario portfolio
problem.
2. The value function to the above problem is defined via
νc(t, x) = sup
π(·)∈A(t,x)
inf
t≤τ≤T,
k∈K
E
[
Uτ
(
Xπ,t,x(T )
)]
. (71)
3. The value function in the crash–free setting of market i will be denoted
νi(t, x; k) = sup
π(·)∈Ai(t,x;k)
E
[
Ui
(
Xπ,t,xi (T ; k)
)]
.
4. The value function in the market i given the admissible portfolio
strategy pi will be named
νi;π(t, x; k) = E
[
Ui
(
Xπ,t,xi (T ; k)
)]
.
Furthermore, νπ(t, x) := ν0;π(t, x).
In the sequel the following assumptions are needed.
Assumption 3.3
A.1 Let us suppose that the value functions νi(t, x; k) (for i ∈ {0, 1}) are continu-
ously differentiable in t, twice continuously differentiable in x, and twice con-
tinuously differentiable in k. This fact is expressed by saying that νi(t, x; k)
is a C1,2,2–function.
A.2 Let νi(t, x; k) be strictly increasing and strictly concave in x for i ∈ {0, 1}.
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In order to get shorter and more transparent formulae, the following defini-
tions are useful.
Definition 3.4
Suppose that assumption A.1 holds. Then define for i, j ∈ {0, 1}
1. the generalized optimal portfolio strategy in market i given the value
function of market j, assuming that no crash will happen, by
π∗ij (t, x; ki, kj) := −
µi(ki)− ri(ki)
σ2i (ki)
(νj)x (t, x; kj)
x (νj)xx (t, x; kj)
.
2. Moreover,
Ψij (t, x; ki, kj) := ri(ki)− 1
2
(νj)x (t, x; kj)
x (νj)xx (t, x; kj)
(
µi(ki)− ri(ki)
σi(ki)
)2
= ri(ki)− σ
2
i (ki)
2
x (νj)xx (t, x; kj)
(νj)x (t, x; kj)
(
π∗ij (t, x; ki, kj)
)2
will be called the generalized earning potential of market i given the
value function of market j.
If market i has not been entered by a crash or if the crash size is irrelevant for
market i (as it is the case for market 0), the notation π∗ij (t, x; k) and Ψij (t, x; k)
will be used instead of π∗ij (t, x; ki, kj) and Ψij (t, x; ki, kj), respectively. Further-
more, denote
π∗i (t, x; k) := π
∗
ii (t, x; k) and
Ψi (t, x; k) := Ψii (t, x; k) = − (νi)t (t, x; k)
x (νi)x (t, x; k)
,
where the last equation is due to the HJB–equation for νi: Assuming that A.1
holds, one has
(νi)t (t, x; k) + x (νi)x (t, x; k) [ri(k) + π
∗
i (t, x; k) (µi(k)− ri(k))]
+
1
2
x2 (νi)xx (t, x; k) σ
2
i (k) (π
∗
i (t, x; k))
2 = 0.
Using the definition of π∗i which can be rewritten as
− (µi(k)− ri(k)) = x (νi)xx (t, x; k)
(νi)x (t, x; k)
σ2i (k)π
∗
i (t, x; k) ,
the HJB–equation of the value function leads to the following equation.
− (νi)t (t, x; k)
x (νi)x (t, x; k)
= ri(k) + π
∗
i (t, x; k) (µi(k)− ri(k))
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+
σ2i (k)
2
x (νi)xx (t, x; k)
(νi)x (t, x; k)
(π∗i (t, x; k))
2
= ri(k)− σ
2
i (k)
2
x (νi)xx (t, x; k)
(νi)x (t, x; k)
(π∗i (t, x; k))
2 ,
which shows the stated assertion.
Remark 3.5
1. The utility growth potential is in this situation given by − (νi)t (t, x; k).
Obviously, if x (νi)x (t, x; k) = 1 the utility growth potential is equivalent to
the earning potential as in the case of logarithmic utility. The minus sign
is due to the fact that νi is derived by a backward equation.
2. If Uj = Ui and if
x(νj)xx(t,x;k)
(νj)x(t,x;k)
is independent of the market conditions of
market j, one has π∗ij = π
∗
i and Ψij = Ψi for all i and j. For instance, this
is the case for the logarithmic utility or for the HARA–utility functions.
3. If
x(νj)xx(t,x;k)
(νj)x(t,x;k)
is independent of t or x, then π∗ij as well as Ψij are also
independent of t or x.
3.2 Calculating the Worst Crash Possible
In order to get the optimal portfolio strategy for an investor, who wants to max-
imize her expected final utility in the worst case possible, it is easier to calculate
the portfolio strategy πˆ first, which makes the investor crash indifferent. Obvi-
ously, the investor is indifferent towards a crash, if her maximized expected worst
case final utility before a possible crash is equal to her maximized expected final
utility after a crash of the worst possible case. That is, the investor’s expected
utility is not effected by a crash of the worst possible size. This justifies the
following definitions, where the conventions
νˆ (t, x) := E
[
U
(
X πˆ,t,x0 (T )
)]
and
ν¯ (t, x) := E
[
U
(
X π¯,t,x0 (T )
)]
,
which are the expected utility corresponding to the below described portfolio
process πˆ(t, x) and π¯(t, x), respectively, given the crash has not yet occurred at
time t, are used.
Definition 3.6
i) A portfolio strategy πˆ determined via the equation
νˆ (t, x) = inf
k∈K\{0}
ν1 (t, x (1− πˆ(t, x)k) ; k) for all t ∈ [0, T ] and x > 0
will be called a crash hedging strategy.
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ii) For t ∈ [0, T ] and x > 0 denote
k (t, x, π) :=
{
0 if ν0(t, x) ≤ ν1 (t, x (1− π(t, x)k) ; k) for all k ∈ K \ {0}
arg inf
k∈K\{0}
ν1 (t, x (1− π(t, x)k) ; k) else
}
.
Thus k (t, x, π) is the worst case size of a possible crash at time t for an
investor with utility function U , wealth x at time t, and portfolio strategy π.
Hence, k will be called the worst crash size function and k (t, x, π) will be
the worst crash possible for π given U . In the following, often k¯(t, x) or
k¯ will be written instead of k (t, x, π¯). Moreover, k(t) or k(t, x) will be used
as an abbreviation for k (t, x, π), if a statement holds for arbitrary x > 0
and/or π ∈ A0(t, x).
iii) For t ∈ [0, T ] and x > 0 denote
kˆ (t, x) := arg inf
k∈K\{0}
ν1 (t, x (1− πˆ(t, x)k) ; k) .
Sometimes, kˆ will be written instead of kˆ(t, x).
Observe that the worst crash size function k has the following properties.
Lemma 3.7
The worst crash size function k satisfies for arbitrary x > 0 and π ∈ A(T, x)
k (T ) = k (T, x, π) =
{
k∗ = max {k|k ∈ K} for π > 0
0 for π < 0
}
.
If k (t1, x, π) = 0 for some t1 ∈ [0, T ] and for fixed x > 0 and π ∈ A(T, x), then
k (s, x, π) = 0
{
for all s ∈ [0, t1] if π > 0 is constant
for all s ∈ [t1, T ] if π < 0 is constant
}
.
Proof: It is irrelevant what the perspective after a crash of size k at time T
will look alike, since the investment will be terminated in T . Thus, the worst
crash size in T is either the highest crash size possible (if the portfolio strategy
satisfies π > 0) or zero (if π < 0).
k (t1, x, π) = 0 means, that – with this long investment horizon and with the
better perspectives after a crash – the threat of a crash is not really a threat.
A crash at this time would be more profitable for the investor than to have no
crash. Since the market situation after a crash just depends on the crash height
k, but not on the crash time τ , it is straightforward that k (s, x, π) = 0 for s ≤ t1,
if k (t1, x, π) = 0 for fixed x > 0 and if π ∈ A (T, x) is constant. 
If π > 0, it is not possible that k is identical to zero. As t converges to T , k(t)
will eventually be greater than zero. k(t) > 0 means that a crash is an imminent
threat to the investor.
Unfortunately, k(t) can not be calculated explicitly. We can only give a dif-
ferential equation, which determines k.
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Proposition 3.8
Let the initial wealth x and the portfolio strategy π(t, x) be given. If ν1 is dif-
ferentiable in k with (ν1)k (t, x; k) ≤ 0 for all k ∈ K, then k (t, x) = k∗. If
ν1 (t, x; k∗) ≤ ν1 (t, x; k) for all k ∈ (k∗, k∗], then set k (t, x) = k∗. Likewise, if
ν1 (t, x; k
∗) ≤ ν1 (t, x; k) for all k ∈ [k∗, k∗), then set k (t, x) = k∗. Otherwise
define h(t, x) via
(ν1)k (t, x (1− πh) ;h) = πx (ν1)x (t, x (1− πh) ;h) , (72)
given that ν1 is continuously differentiable in x and k. Moreover, if (ν1) (t, x; k)
is twice continuously differentiable in x and k, then h is minimal, if
(ν1)kk (t, x (1− πh) ;h)− 2πx (ν1)xk (t, x (1− πh) ;h)
≥ −π2x2 (ν1)xx (t, x (1− πh) ;h) . (73)
If ν1 is a C
1,2,2–function, then the derivative of h with respect to t is given by
ht =
πx (ν1)xt − (ν1)kt + xπt (h (ν1)kx + (ν1)x − xπh (ν1)xx)
(ν1)kk + π
2x2 (ν1)xx − 2πx (ν1)xk
,
and the derivative of h with respect to x is given by
hx =
(1− πh) [πx (ν1)xx − (ν1)kx] + π (ν1)x
(ν1)kk + π
2x2 (ν1)xx − 2πx (ν1)xk
+xπx
h (ν1)kx + (ν1)x − xπh (ν1)xx
(ν1)kk + π
2x2 (ν1)xx − 2πx (ν1)xk
,
where the derivatives of ν1 are evaluated at (t, x (1− πh) ;h) and π, h and their
derivatives are evaluated at (t, x). Finally, the optimal k can be derived from h
according to the following formula
k (t, x) =


k∗ if h (t, x) ≥ k∗
h (t, x) if k∗ < h (t, x) < k
∗
k∗ if 0 < h (t, x) ≤ k∗
0 if h (t, x) ≤ 0

 ,
given that h minimizes (ν1) (t, x (1− πh) ;h).
Observe that the right side in formula (73) is greater or equal than zero, if as-
sumption A.2 holds. Thus, the left side must be positive as well, if h is supposed
to be minimal.
If ν1 is not twice continuously differentiable in x and k, one has to verify that
∂
∂k
ν1 (t, x (1− π(t)k) ; k) ≤ 0 for k ≤ h and
∂
∂k
(ν1) (t, x (1− π(t)k) ; k) ≥ 0 for k ≥ h.
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This shows then that h is indeed minimal.
Proof: If (ν1) (t, x; k) is decreasing for all k ∈ K, then k∗ is obviously the worst
crash possible for the investor. This shows the first assertion.
The necessary condition for a minimum of (ν1) (t, x; k) over all k ∈
◦
K:= (k∗, k
∗)
is given by
∂
∂k
ν1 (t, x (1− πh) ;h) = 0.
The left side is equal to
(ν1)k (t, x (1− πh) ;h)− πx (ν1)x (t, x (1− πh) ;h) =: g (t, x;π, h) ,
which shows the second statement. Keeping in mind that this is only the neces-
sary condition, it remains to check the sufficient condition. Given that ν1 is twice
continuously differentiable in x and k, the sufficient condition for a minimum is
∂2
∂k2
ν1 (t, x (1− πh) ;h) ≥ 0
⇐⇒ ∂
∂k
[(ν1)k (t, x (1− πh) ;h)− πx (ν1)x (t, x (1− πh) ;h)] ≥ 0
⇐⇒ (ν1)kk (t, x (1− πh) ;h)− 2πx (ν1)xk (t, x (1− πh) ;h)
≥ −π2x2 (ν1)xx (t, x (1− πh) ;h) .
which gives the asserted inequality. Since g (t, x;π, h) = 0 for all (t, x) ∈ [0, T ]×
(0,∞), it is also valid that gt (t, x;π, h) = 0 and gx (t, x;π, h) = 0, which gives
the next two claims, if ν1 is a C
1,2,2–function.
0 = gt (t, x;π, h)
⇐⇒ 0 = (ν1)kt − x (ν1)kx [πth+ πht] + (ν1)kk ht − πtx (ν1)x
−πx (ν1)xt + πx2 (ν1)xx [πth+ πht]− πx (ν1)xk ht
⇐⇒ ht = πx (ν1)xt − (ν1)kt + πt (xh (ν1)kx + x (ν1)x − x
2πh (ν1)xx)
(ν1)kk + π
2x2 (ν1)xx − 2πx (ν1)xk
,
where the derivatives of ν1 are evaluated at (t, x (1− πh) ;h) and π and h and
their derivatives are evaluated at (t, x). Furthermore
0 = gx (t, x;π, h)
⇐⇒ 0 = (ν1)kx [1− πh− xπxh− xπhx] + (ν1)kk hx − πxx (ν1)x − π (ν1)x
−πx (ν1)xx [1− πh− xπxh− xπhx]− πx (ν1)xk hx
⇐⇒ hx = (1− πh) [πx (ν1)xx − (ν1)kx] + π (ν1)x
(ν1)kk + π
2x2 (ν1)xx − 2πx (ν1)xk
+xπx
h (ν1)kx + (ν1)x − xπh (ν1)xx
(ν1)kk + π
2x2 (ν1)xx − 2πx (ν1)xk
,
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where the derivatives of ν1 are evaluated at (t, x (1− πh) ;h) and π and h and
their derivatives are evaluated at (t, x).
The formula for k is straightforward. 
Remark 3.9
1. Observe that it is possible that k depends on x. This only means that the
individual worst possible crash size for an individual investor might depend
on his wealth level.
Further, this means that this model might include implicitly some kind of
individually perceived liquidity risk for some specific utility functions. How-
ever, this individually perceived liquidity risk depends on the total wealth
of the investor and not only on the wealth invested in the risky asset.
2. Notice that k is independent of x if (ν1)k ≤ 0 or if
πx =
(1− πk) [πx (ν1)xx − (ν1)kx] + π (ν1)x
xk (ν1)kx + x (ν1)x − x2πk (ν1)xx
,
whenever (ν1)k (t, x (1− πk) ; k) > 0 and assumption A.1 is valid.
3.3 The Crash Hedging Strategy
Let us suppose for this section that assumption A.1 holds.
A straightforward and heuristic approach of determining the crash hedging
strategy is to differentiate the defining equation with respect to t. This leads to
νˆt (t, x) = (ν1)t − x
[
πˆtkˆ + πˆkˆt
]
(ν1)x + kˆt (ν1)k
⇐⇒ πˆtkˆ = (ν1)t
x (ν1)x
− νˆt (t, x)
x (ν1)x
+ kˆt
[
(ν1)k
x (ν1)x
− πˆ
]
⇐⇒ πˆt = − 1
kˆ
[
Ψ1 − νˆt (t, x)
x (ν1)x
]
+
kˆt
kˆ
[
(ν1)k
x (ν1)x
− πˆ
]
= − 1
kˆ
[
Ψ1 − νˆt (t, x)
x (ν1)x
]
,
where the functions πˆ and kˆ have to be evaluated at (t, x) and Ψ1 and the various
differentials of ν1 have to be evaluated at
(
t, x
[
1− πˆ (t, x) kˆ (t, x)
]
; kˆ (t, x)
)
. The
last equation is due to equation (72) which holds for the worst crash size kˆ and
is equivalent to
πˆ (t, x) =
(ν1)k
(
t, x
[
1− πˆ (t, x) kˆ (t, x)
]
; kˆ (t, x)
)
x (ν1)x
(
t, x
[
1− πˆ (t, x) kˆ (t, x)
]
; kˆ (t, x)
) .
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Although this approach has been used to calculate the crash hedging strategy in
the case of logarithmic utility, it has the drawback that the formula still contains
νˆt(t, x). Neither is it easy to determine νˆ(t, x) in general, nor is anything known
about νˆ(t, x) or νˆt(t, x).
Therefore, the following approach will be made.
Theorem 3.10
Let ν1(t, x; k) be a C
1,2,2–function and kˆ(t, x) a C1,2–function. Moreover, suppose
that
(ν1)x (t, x; k) πˆ (t, x)x
[
1− πˆ (t, x) · kˆ (t, x)
]
,
(ν1)x (t, x; k) x
2πˆ (t, x) kˆ (t, x) πˆx (t, x) ,
(ν1)x (t, x; k) x
2πˆ2 (t, x) kˆx (t, x) , and
(ν1)k (t, x; k) xπˆ (t, x) kˆx (t, x)
are P–a.s. square integrable in the following sense
T∫
0
[
(ν1)k
(
t,X πˆ0 (t)
[
1− πˆ (t,X πˆ0 (t)) · kˆ (t,X πˆ0 (t))] ; kˆ (t,X πˆ0 (t)))
X πˆ0 (t)πˆ
(
t,X πˆ0 (t)
)
kˆx
(
t,X πˆ0 (t)
)]2
dt < ∞ P–a.s. .
Furthermore, let there exist a C1,2–function πˆ which is a solution of
πˆt =
(
1
kˆ
− πˆ
)
σ
2
0
2
x (ν1)xx
(ν1)x



1− x kˆπˆx + πˆkˆx(
1− πˆkˆ
)2

 πˆ − π∗01


2
+Ψ01 −Ψ1


+
σ20
2
xπˆ2
kˆ
(
1− πˆkˆ
) {2kˆxµ0 − r0
σ20
− xπˆxxkˆ
1− πˆkˆ +
(ν1)kk
(ν1)x
kˆ2x
}
− xπˆxr0
1− πˆkˆ , (74)
where πˆ and kˆ and its derivatives are evaluated at
(
t, x
1−πˆkˆ
)
and the different
derivatives of ν1 as well as π
∗
01, Ψ01, and Ψ1 are evaluated at
(
t, x; kˆ
)
with
(t, x, k) ∈ [0, T )× (0,∞)×K \ {0}. Moreover, the boundary condition is
πˆ(T, x) = 0 for all x > 0 . (75)
Then πˆ is the crash hedging strategy for an investor in market 0 given the utility
function Ui of the investor in market i (i ∈ {0, 1}) and the market coefficents
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of market 1 after a possible crash. The corresponding value function before a
possible crash satisfies
νˆ (t, x; k) = ν1
(
t, x
[
1− πˆ(t, x) · kˆ(t, x)
])
= Et,x
[
ν1
(
s,X πˆ0 (s)
[
1− πˆ (s,X πˆ0 (s)) · kˆ (s,X πˆ0 (s))])]
for 0 ≤ t ≤ s ≤ T .
Proof: Due to the fact, that after an immediate crash of the worst crash size kˆ
the portfolio process will change to the optimal portfolio process in the crash–free
setting, π∗1
(
t, x; kˆ
)
, one obtains
νˆ (t, x) = ν1
(
t, x
[
1− πˆ(t, x)kˆ(t, x)
]
; kˆ(t, x)
)
.
As ν1
(
t, x; kˆ
)
is a C1,2,2-function and since πˆ(t, x) as well as kˆ(t, x) are supposed
to be C1,2–functions, Itoˆ’s formula is applicable. Making use of the convention
z (t) := X πˆ0 (t)
[
1− πˆ (t,X πˆ0 (t)) · kˆ (t,X πˆ0 (t))] with
dz (t) =
[
1− πˆ (t,X πˆ0 (t)) · kˆ (t,X πˆ0 (t))] dX πˆ0 (t)
−X πˆ0 (t) · πˆ
(
t,X πˆ0 (t)
)
dkˆ
(
t,X πˆ0 (t)
)
−X πˆ0 (t) · kˆ
(
t,X πˆ0 (t)
)
dπˆ
(
t,X πˆ0 (t)
)
and
Z (t) :=
(
t,X πˆ0 (t)
[
1− πˆ (t,X πˆ0 (t)) · kˆ (t,X πˆ0 (t))] ; kˆ (t,X πˆ0 (t))) with
dZ (t) =
(
dt, dz(t); dkˆ
(
t,X πˆ0 (t)
))
,
Itoˆ’s formula leads to
ν1 (Z (s)) = ν1
(
t, x
[
1− πˆ(t, x)kˆ(t, x)
]
; kˆ(t, x)
)
+
s∫
t
(ν1)t (Z (u)) du
+
s∫
t
(ν1)x (Z (u)) dz(u) +
1
2
s∫
t
(ν1)xx (Z (u)) d [z, z]u
+
s∫
t
(ν1)k (Z (u)) dkˆ
(
u,X πˆ0 (u)
)
+
1
2
s∫
t
(ν1)kk (Z (u)) d
[
kˆ, kˆ
]
u
= ν1
(
t, x
[
1− πˆ(t, x)kˆ(t, x)
]
; kˆ(t, x)
)
+
s∫
t
(ν1)t (Z (u)) du
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+
s∫
t
(ν1)x (Z (u))
[
r0 + πˆ
(
u,X πˆ0 (u)
)
(µ0 − r0)
]
z(u) du
−
s∫
t
(ν1)x (Z (u))X
πˆ
0 (u)kˆ
(
u,X πˆ0 (u)
){
πˆt
(
u,X πˆ0 (u)
)
+ πˆx
(
u,X πˆ0 (u)
)
X πˆ0 (u)
[
r0 + πˆ
(
u,X πˆ0 (u)
)
(µ0 − r0)
]
+
σ20
2
πˆxx
(
u,X πˆ0 (u)
) (
X πˆ0 (u)
)2
πˆ2
(
u,X πˆ0 (u)
)}
du
−
s∫
t
(ν1)x (Z (u))X
πˆ
0 (u)πˆ
(
u,X πˆ0 (u)
){
kˆt
(
u,X πˆ0 (u)
)
+ kˆx
(
u,X πˆ0 (u)
)
X πˆ0 (u)
[
r0 + πˆ
(
u,X πˆ0 (u)
)
(µ0 − r0)
]
+
σ20
2
kˆxx
(
u,X πˆ0 (u)
) (
X πˆ0 (u)
)2
πˆ2
(
u,X πˆ0 (u)
)}
du
+
s∫
t
(ν1)k (Z (u))
{
kˆt
(
u,X πˆ0 (u)
)
+ kˆx
(
u,X πˆ0 (u)
)
X πˆ0 (u)
[
r0 + πˆ
(
u,X πˆ0 (u)
)
(µ0 − r0)
]
+
σ20
2
kˆxx
(
u,X πˆ0 (u)
) (
X πˆ0 (u)
)2
πˆ2
(
u,X πˆ0 (u)
)}
du
+
σ20
2
s∫
t
(ν1)xx (Z (u)) πˆ
2
(
u,X πˆ0 (u)
){
z(u)2
+
(
X πˆ0 (u)
)4
kˆ2
(
u,X πˆ0 (u)
)
πˆ2x
(
u,X πˆ0 (u)
)
+
(
X πˆ0 (u)
)4
πˆ2
(
u,X πˆ0 (u)
)
kˆ2x
(
u,X πˆ0 (u)
)
− 2z(u) (X πˆ0 (u))2 kˆ (u,X πˆ0 (u)) πˆx (u,X πˆ0 (u))
− 2z(u) (X πˆ0 (u))2 πˆ (u,X πˆ0 (u)) kˆx (u,X πˆ0 (u))
+2
(
X πˆ0 (u)
)4
πˆ
(
u,X πˆ0 (u)
)
kˆ
(
u,X πˆ0 (u)
)
πˆx
(
u,X πˆ0 (u)
)
· kˆx
(
u,X πˆ0 (u)
)}
du
+
σ20
2
s∫
t
(ν1)kk (Z (u)) kˆ
2
x
(
u,X πˆ0 (u)
) (
X πˆ0 (u)
)2
πˆ2
(
u,X πˆ0 (u)
)
du
+
s∫
t
(ν1)x (Z (u))σ0πˆ
(
u,X πˆ0 (u)
)
z(u) dW (u)
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−
s∫
t
(ν1)x (Z (u))
(
X πˆ0 (u)
)2
kˆ
(
u,X πˆ0 (u)
)
σ0πˆx
(
u,X πˆ0 (u)
)
· πˆ (u,X πˆ0 (u)) dW (u)
−
s∫
t
(ν1)x (Z (u))
(
X πˆ0 (u)
)2
πˆ
(
u,X πˆ0 (u)
)
σ0kˆx
(
u,X πˆ0 (u)
)
· πˆ (u,X πˆ0 (u)) dW (u)
+
s∫
t
(ν1)k (Z (u))X
πˆ
0 (u)σ0kˆx
(
u,X πˆ0 (u)
)
πˆ
(
u,X πˆ0 (u)
)
dW (u).
It is important that the value function ν1 (Z (s)) is a Martingale, since only this
Martingale property ensures that a portfolio strategy makes an investor crash
indifferent on the time interval [0, T ]. Otherwise, a portfolio strategy might make
an investor at most crash indifferent at some time points.
However, ν1 (Z (s)) is only a martingale, if the following differential equation
holds.
(ν1)t + x (ν1)x
{(
1− πˆkˆ
)
[r0 + πˆ (µ0 − r0)]− kˆ
(
πˆt + xπˆx [r0 + πˆ (µ0 − r0)]
+
σ20
2
x2πˆxxπˆ
2
)
− πˆ
(
kˆt + xkˆx [r0 + πˆ (µ0 − r0)] + σ
2
0
2
x2kˆxxπˆ
2
)}
+
σ20
2
x2 (ν1)xx πˆ
2
[
1− πˆkˆ − xkˆπˆx − xπˆkˆx
]2
+ (ν1)k
{
kˆt + xkˆx [r0 + πˆ (µ0 − r0)] + σ
2
0
2
x2kˆxxπˆ
2
}
+
σ20
2
x2 (ν1)kk kˆ
2
xπˆ
2 = 0,
where πˆ and kˆ and its differentials are evaluated at (t, x) and the different dif-
ferentials of ν1 are evaluated at
(
t, x
(
1− πˆkˆ
)
; kˆ
)
. Solving this equation with
respect to kˆπˆt, rearranging terms, and using the definition of the generalized
earning potential lead to
kˆπˆt =
(ν1)t
x (ν1)x
+
(
1− πˆkˆ − xkˆπˆx − xπˆkˆx
)
[r0 + πˆ (µ0 − r0)]− πˆkˆt
− σ
2
0
2
x2πˆ2
(
πˆxxkˆ + kˆxxπˆ
)
+
σ20
2
x (ν1)xx
(ν1)x
πˆ2
[
1− πˆkˆ − xkˆπˆx − xπˆkˆx
]2
+
(ν1)k
x (ν1)x
{
kˆt + xkˆx [r0 + πˆ (µ0 − r0)] + σ
2
0
2
x2kˆxxπˆ
2
}
+
σ20
2
x (ν1)kk
(ν1)x
kˆ2xπˆ
2
=
(
1− πˆkˆ − xkˆπˆx − xπˆkˆx
)
r0 +
σ20
2
x (ν1)xx
(ν1)x
{
πˆ2
[
1− πˆkˆ − xkˆπˆx − xπˆkˆx
]2
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+2
(
1− πˆkˆ − xkˆπˆx − xπˆkˆx
)
πˆ
µ0 − r0
σ20
(ν1)x
x (ν1)xx
}
+
(ν1)t
x (ν1)x
+
{
kˆt + xkˆx [r0 + πˆ (µ0 − r0)] + σ
2
0
2
x2kˆxxπˆ
2
}(
(ν1)k
x (ν1)x
− πˆ
)
+xkˆxπˆ [r0 + πˆ (µ0 − r0)]− σ
2
0
2
x2πˆ2πˆxxkˆ +
σ20
2
x (ν1)kk
(ν1)x
kˆ2xπˆ
2
=
σ20
2
x (ν1)xx
(ν1)x
([
1− πˆkˆ − xkˆπˆx − xπˆkˆx
]
πˆ −
[
1− πˆkˆ
]
π∗01
)2
+
(
1− πˆkˆ
)
(Ψ01 −Ψ1)
+xkˆxπˆ
2 (µ0 − r0)− σ
2
0
2
x2πˆ2πˆxxkˆ +
σ20
2
x (ν1)kk
(ν1)x
kˆ2xπˆ
2 − xkˆπˆxr0
+
{
kˆt + xkˆx [r0 + πˆ (µ0 − r0)] + σ
2
0
2
x2kˆxxπˆ
2
}(
(ν1)k
x (ν1)x
− πˆ
)
,
where πˆ and kˆ and its differentials are evaluated at (t, x) and the different differ-
entials of ν1 as well as π
∗
01, Ψ01, and Ψ1 are evaluated at
(
t, x
(
1− πˆkˆ
)
; kˆ
)
.
Observe that the last product is always zero, since either kˆ is constant (that
is the left side is zero) or kˆ satisfies (72) (that is the right side is zero). Moreover,
using the substitution y := x
(
1− πˆkˆ
)
yields
πˆt =
(
1
kˆ
− πˆ
)
σ
2
0
2
y (ν1)xx
(ν1)x



1− y kˆπˆx + πˆkˆx(
1− πˆkˆ
)2

 πˆ − π∗01


2
+Ψ01 −Ψ1


+
σ20
2
yπˆ2
kˆ
(
1− πˆkˆ
) {2kˆxµ0 − r0
σ20
− yπˆxxkˆ
1− πˆkˆ +
(ν1)kk
(ν1)x
kˆ2x
}
− yπˆxr0
1− πˆkˆ ,
where πˆ and kˆ and its differentials are evaluated at
(
t, y
1−πˆkˆ
)
and the different
differentials of ν1 as well as π
∗
01, Ψ01, and Ψ1 are evaluated at
(
t, y; kˆ
)
. This is
the first assertion. Due to the supposed square integrability, it is straightforward
to show the Martingale property. 
A close look reveals that the partial differential equation (74) becomes an
ordinary differential equation if πˆ as well as kˆ are independent of the wealth of
the investor (that is of the second variable x).
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Proposition 3.11
If (ν1)k ≤ 0 or if
πx =
(1− πk) [πx (ν1)xx − (ν1)kx] + π (ν1)x
xk (ν1)kx + x (ν1)x − x2πk (ν1)xx
,
whenever (ν1)k (t, x (1− πk) ; k) > 0, then kˆ is independent of x. In this case the
differential equation (74) reduces to
πˆt =
(
1
kˆ
− πˆ
)
σ
2
0
2
x (ν1)xx
(ν1)x



1− xkˆπˆx(
1− πˆkˆ
)2

 πˆ − π∗01


2
+Ψ01 −Ψ1


− σ
2
0
2
x2πˆ2πˆxx(
1− πˆkˆ
)2 − xπˆxr0
1− πˆkˆ . (76)
Furthermore, if additionally
x(ν1)xx
(ν1)x
is independent of x, then the crash hedging
strategy πˆ is independent of x as well. More specific, the differential equation
(74) reduces in this case to
πˆt =
(
1
kˆ
− πˆ
)[
σ20
2
x (ν1)xx
(ν1)x
(πˆ − π∗01)2 +Ψ01 −Ψ1
]
. (77)
The differential equation (77) has a unique solution, if 1
kˆ
and
x(ν1)xx
(ν1)x
are contin-
uous and bounded.
Proof: The first part is a straightforward conclusion of Remark 3.9. For the
second part, it suffices to verify that the right side of equation (77) is indeed
independent of x. Since kˆ is assumed to be independent of x, it remains to verify
that π∗01, Ψ01, and Ψ1 are also independent of x. However, this follows directly
from their definitions, since it has been supposed that
x(ν1)xx
(ν1)x
is independent of x.
A solution of the differential equation (77) exists and is unique given that 1
kˆ
and
x(ν1)xx
(ν1)x
are continuous and bounded. This can be shown as in the proof of
Theorem 2.5, p. 14, since both kˆ and
x(ν1)xx
(ν1)x
are independent of x. 
Remark 3.12
Equation (74) is a system of partial differential equation of order 2 in πˆ and kˆ.
Equation (76) is a partial differential equation of order 2 for πˆ. Equation (77) is
an ordinary differential equation of order 1 for πˆ.
Observe that the first parts of Theorem 2.5 hold also with the differential
equation (77), if kˆ as well as
x(ν1)xx
(ν1)x
are constant. Only the optimality does not
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hold, since this has been proved by using the properties of the logarithmic utility
extensively. For the boundary conditions, just replace σ20 by σ
2
0
x(ν1)xx
(ν1)x
. Moreover,
it is straightforward to verify that the following corollary holds.
Corollary 3.13
If kˆ and
x(ν1)xx
(ν1)x
in equation (77) are constant, then it is possible to give the solution
of differential equation (77). Replacing k∗ by kˆ and σ20 by σ
2
0
x(ν1)xx
(ν1)x
, the solution
is given by either Proposition 2.11 (if Ψ1 ≥ r0) or Corollary 2.12 (if Ψ1 < r0).
3.4 The Optimal Crash Hedging Strategy
This section is based on Korn and Menkens [10]. Let us suppose for this section
that assumptions A.1 and A.2 hold. Moreover, let us consider only the situation
of equation (77), thus assuming that πˆ is deterministic. Furthermore, suppose
that π∗0 is positive and that kˆ is constant, that means that kˆ(t) ≡ k∗.
With these assumption the following can be shown.
Proposition 3.14
Suppose that there exists a continuously differentiable solution πˆ of equation (77)
with boundary condition (75). Assume further that
f(x, y; t) := (ν1)x (t, x) [y − πˆ(t)] [µ− r] x+
1
2
(ν1)xx (t, x)σ
2
[
y2 − πˆ(t)2]x2 (78)
is a concave function in (x, y) for all t ∈ [0, T ). Moreover, let the following
implication be valid
E
0,x [νˆ (t,Xπ0 (t))] ≤ E0,x
[
νˆ
(
t,X πˆ0 (t)
)]
and E0,x [π(t)] ≥ πˆ(t)
for some t ∈ [0, T ), π(·) ∈ A(x).
=⇒ E0,x [ν1 (t,Xπ0 (t) [1− π(t)k∗])] ≤ E0,x
[
νˆ
(
t,X πˆ0 (t)
)]
.

 (79)
Then, πˆ(t) is indeed the optimal portfolio process before the crash in the portfolio
problem with at most one crash. The optimal portfolio process after the crash has
happened coincides with the optimal one in the crash free setting of market 1.
Proof:
i) To prove optimality of πˆ(t) and that νˆ (t, x) coincides with the value function,
consider νˆ
(
t,X πˆ0 (t)
)
for an arbitrary admissible portfolio process π(t). With
the help of Itoˆ’s formula one arrives at
νˆ (t,Xπ0 (t)) = ν1 (t,X
π
0 (t) [1− πˆ(t)k∗])
= ν1 (0, x [1− πˆ(0)k∗]) +
t∫
0
(ν1)t (u, Z (u, π, πˆ)) du
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+
t∫
0
(ν1)x (u, Z (u, π, πˆ))
[
[r + π(u) (µ− r)]Z (u, π, πˆ)
−Xπ0 (u)πˆ′(u)k∗
]
du
+
t∫
0
1
2
(ν1)xx (u, Z (u, π, πˆ))σ
2π(u)2Z (u, π, πˆ)2 du
+
t∫
0
(ν1)x (u, Z (u, π, πˆ))σπ(u)Z (u, π, πˆ) dW (u) ,
where the abbreviation
Z (t, π, πˆ) := Xπ0 (t) [1− πˆ(t)k∗]
has been used. If the differential equation (77) characterizing πˆ(t) for the
pairs
(t, x) = (u,Xπ0 (u) [1− πˆ(u)k∗]) = (u, Z (u, π, πˆ))
in (77) is applied to replace −Xπ0 (u)πˆ′(u)k∗ in the equation above and sim-
plifying it afterwards, one obtains
νˆ (t,Xπ0 (t)) = ν1 (0, x [1− πˆ(0)k∗])
+
t∫
0
(ν1)x (u, Z (u, π, πˆ)) [π(u)− πˆ(u)] [µ− r]Z (u, π, πˆ) du
+
t∫
0
1
2
(ν1)xx (u, Z (u, π, πˆ))σ
2
[
π(u)2 − πˆ(u)2]Z (u, π, πˆ)2 du
+
t∫
0
(ν1)x (u, Z (u, π, πˆ))σπ(u)Z (u, π, πˆ) dW (u) .
In order to prove optimality of the portfolio process πˆ(t), in the following
only portfolio processes π(t) will be considered that might yield a higher
worst–case bound than πˆ(t). A necessary condition for π(t) to yield a higher
worst–case bound is of course
π(0) < πˆ(0)
as otherwise the worst–case bound corresponding to π(t) can at most equal
the one corresponding to πˆ(t).
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ii) Assume now that there exists an admissible portfolio process π(t) yielding a
higher worst–case bound than πˆ(t). As the inequality
E
0,x [νˆ (s,Xπ0 (s))] ≤ E0,x
[
νˆ
(
s,X πˆ0 (s)
)]
for all 0 ≤ s ≤ T, x > 0
would imply the non–existence of a higher worst–case bound for π(t) (due
to νˆ (T, x) = U (x)), it can be assumed that
E
0,x [νˆ (s,Xπ0 (s))] > E
0,x
[
νˆ
(
s,X πˆ0 (s)
)]
for at least some s > 0 , (80)
and that this holds in particular for s = T . This then leads to
E
[
(ν1)x (s, Z (s, π, πˆ)) [π(s)− πˆ(s)] [µ− r]Z (s, π, πˆ)
+1
2
(ν1)xx (s, Z (s, π, πˆ))σ
2
[
π(s)2 − πˆ(s)2
]
Z (s, π, πˆ)2
]
> 0
(81)
for some s > 0. By assumption (78) and Jensen’s inequality of the form
E [f (X,Y )] ≤ f (E [X] ,E [Y ]) for concave functions applied to (81) with the
choice
X := Z (s, π, πˆ) = Xπ0 (s) [1− πˆ(s)k∗] and Y := π(s) ,
one gets
0 < (ν1)x (s,E [Z (s, π, πˆ)]) {E [π(s)]− πˆ(s)} [µ− r]E [Z (s, π, πˆ)]
+1
2
(ν1)xx (s,E [Z (s, π, πˆ)])σ
2
[
E [π(s)]2 − πˆ(s)2]E [Z (s, π, πˆ)]2 (82)
for some s > 0. Due to the HJB–equation for the portfolio problem of the
crash-free setting and to equations (77) and (75) one must have
πˆ(s) ≤ π∗(s) for all s ∈ [0, T ] . (83)
This and the fact that π∗(s) maximizes the right side of equation (82) (in-
terpreted as a quadratic function in the variable E [π(s)]) lead to either a
contradiction in the case, when equality in (83) holds or to
πˆ(s) < E [π(s)] . (84)
iii) For an arbitrary admissible portfolio process π(t) yielding a higher worst–
case bound than πˆ(t) let
t¯ := inf
{
t > 0
∣∣E [π(t)] ≥ πˆ(t)} . (85)
Case 1: Assume first that 0 < t¯ < T . With this the following holds
E
0,x [νˆ (t¯, Xπ0 (t¯))] ≤ E0,x
[
νˆ
(
t¯, X πˆ0 (t¯)
)]
,
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which together with assumption (79) implies
E
0,x [ν1 (t¯, X
π
0 (t¯) [1− π (t¯) k∗])] ≤ E0,x
[
νˆ
(
t¯, X πˆ0 (t¯)
)]
= E0,x
[
νˆ
(
T,X πˆ0 (T )
)]
= E
[
U
(
X πˆ0 (T )
)]
,
if the infimum defining t¯ is indeed attained. If it is not attained,
then the above inequality together with (79) implies
E
0,x
[
ν1
(
tˇ, Xπ0
(
tˇ
) [
1− π (tˇ) k∗])] ≤ E0,x [νˆ (tˇ, X πˆ0 (tˇ))]
= E0,x
[
νˆ
(
T,X πˆ0 (T )
)]
= E
[
U
(
X πˆ0 (T )
)]
with tˇ = t¯ + ε for a suitable ε > 0 (see Lemma 3.15 below). Thus,
both cases are contradicting the assumption that π(t) yields a higher
worst–case bound than πˆ(t).
Case 2: In the case of t¯ = T one would directly obtain
E [U (Xπ0 (T ))] = E
0,x [ν1 (t¯, X
π
0 (t¯) [1− π (t¯) k∗])]
≤ E0,x [νˆ (t¯, X πˆ0 (t¯))]
= E
[
U
(
X πˆ0 (T )
)]
,
again a contradiction to the assumption that π(t) yields a higher
worst–case bound than πˆ(t).
Case 3: In the case of t¯ = 0 a contradiction to the assumption that π(t)
yields a higher worst–case bound than πˆ(t) will be obtained. To see
this note that the assumption of a higher worst–case bound for π(t)
can only be satisfied, if one has
E
0,x [ν1 (t,X
π
0 (t) [1− π (t) k∗])] > E0,x
[
νˆ
(
t,X πˆ0 (t)
)]
= E0,x
[
νˆ
(
T,X πˆ0 (T )
)]
= E
[
U
(
X πˆ0 (T )
)]
,
for all 0 < t ≤ T . On the other hand, for t ↓ 0 the LCRL–property
and the boundedness of πˆ(t) and π(t) together with the dominated
convergence theorem imply
ν1 (0, x [1− πˆ(0)k∗]) = lim
t↓0
E
[
νˆ
(
t,X πˆ0 (t)
)]
E [ν1 (0, x [1− π(0+)k∗])] = lim
t↓0
E [ν1 (t,X
π
0 (t) [1− π(t)k∗])] .
The concavity of ν1 together with the just stated limiting relations
now lead to
ν1 (0, x [1− πˆ(0)k∗]) ≤ E [ν1 (t, x [1− π(0+)k∗])]
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≤ ν1 (0, x [1− E [π(0+)] k∗]) .
But by the definition of t¯ and the assumed strict concavity this can
only be true, if
π(0+) = πˆ(0) a.s.
which then contradicts the assumption that π(·) yields a higher
worst–case bound than πˆ(·).
Putting all three cases together, it has been proved that there is no admissible
portfolio process π(t) yielding a higher worst–case bound than πˆ(t).

Lemma 3.15
Let π(t) be an admissible portfolio process satisfying condition (75) and let
t¯ := inf
{
t > 0
∣∣E [π(t)] ≥ πˆ(t)} .
If 0 < t¯ < T holds, then, under assumption (79), there exists a suitable ε ≥ 0
such that for tˇ = t¯+ ε one has
E
0,x
[
ν1
(
tˇ, Xπ0
(
tˇ
) [
1− π (tˇ) k∗])] ≤ E0,x [νˆ (tˇ, X πˆ0 (tˇ))] .
Proof: In case of
E [π (t¯)] ≥ πˆ (t¯) , (86)
the assertion is directly implied by assumption (79) for ε = 0. So let (86) be
violated. As 0 < t¯ < T is valid there is a δ > 0 with
δ < E0,x
[
νˆ
(
t¯, X πˆ0 (t¯)
)]− E0,x [νˆ (t¯, Xπ0 (t¯))] ,
which can be concluded by part ii) in the proof of Proposition 3.14. But then
continuity of X πˆ0 (t) and of X
π
0 (t) imply that there exists an ε > 0 such that the
following holds
E
0,x [νˆ (t¯+ ε,Xπ0 (t¯+ ε))] ≤ E0,x
[
νˆ
(
t¯+ ε,X πˆ0 (t¯+ ε)
)]
and the assertion then is a consequence of assumption (79). 
Corollary 3.16
Let πˆ(·) be the unique solution of (77). Moreover, assume that ν1(t, x) is strictly
increasing in x and strictly concave in x. Then it is the best possible deterministic
portfolio.
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Proof: If only deterministic portfolio strategies are considered, equation (81)
reduces to
h(π) = E [(ν1)x (s, Z (s, π, πˆ))Z (s, π, πˆ)] [π(s)− πˆ(s)] [µ− r]
+1
2
E
[
(ν1)xx (s, Z (s, π, πˆ))Z (s, π, πˆ)
2]σ2 [π(s)2 − πˆ(s)2] .
Obviously, h(πˆ) = 0 and the function assumes its maximum in
π∗ (s, Z (s, π, πˆ)) = − E [(ν1)x (s, Z (s, π, πˆ))Z (s, π, πˆ)]
1
2
E
[
(ν1)xx (s, Z (s, π, πˆ))Z (s, π, πˆ)
2] µ− rσ2 .
Furthermore, the function h is strictly increasing for π < π∗, strictly decreasing
for π > π∗, and concave for all π. Since ν1(t, x) is strictly increasing and strictly
concave in x, π∗(t, x) is strictly positive. This guarantees that πˆ ≤ π∗, because
otherwise πˆ cannot be a solution of (77) (πˆ(T ) = 0 would yield a contradiction
to πˆ ≥ π∗ > 0). Thus, πˆ ≤ π∗ implies h(π) < 0 for all π < πˆ. Observe now that
condition (79) is given straightforward. Given
E
0,x [νˆ (t,Xπ0 (t))] ≤ E0,x
[
νˆ
(
t,X πˆ0 (t)
)]
and π(t) ≥ πˆ(t)
for some t ∈ [0, T ), π(·) ∈ A(x). This implies
E
0,x [ν1 (t,X
π
0 (t) [1− π(t)k∗])] ≤ E0,x [ν1 (t,Xπ0 (t) [1− πˆ(t)k∗])]
= E0,x [νˆ (t,Xπ0 (t))]
≤ E0,x [νˆ (t,X πˆ0 (t))] .
The assertion follows now just as in the proof of Proposition 3.14, part iii). 
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Considering changing market conditions leads to interesting phenomena (see Sec-
tion 2.10). Just to mention one phenomenon, in the case of an initial short market
(namely π∗0 < 0), it can happen that the optimal portfolio strategy is completely
different from the corresponding crash hedging strategy. Scrutinizing these phe-
nomena analytically, the definition of the utility growth potential (see Definition
2.3) is very useful (see Theorem 2.5).
Calculating the cost and the potential benefits of the crash hedging strategy
reveals that it can be beneficial for the investor to follow the crash hedging
strategy (see Lemma 2.21).
It has already been pointed out that the investment horizon is very important
in crash modelling. This thesis did so by defining the crash hedging strategy to
be the portfolio strategy which balances out – at any time where the investor
is invested – the expected utility of the final wealth of the investor between the
case of no crash occurring and the one of a crash occurring.
Next to the optimal portfolio under the threat of a crash, developed in Korn
and Wilmott [11], this is the only approach known to the author which takes
the investment horizon into account. By doing so this model does not need the
worst–case concept developed by Korn and Wilmott [11]. However, examining
the optimality of the crash hedging strategy, it shows that the crash hedging
strategy is – at most – optimal in the sense of the worst–case concept, thereby
revealing its close relationship with the worst–case model.
The investment horizon is even taken into consideration in the constant crash
hedging strategy and the best worst–case constant portfolio strategy developed
in Section 2.4. In contrast to that, the traditional crash model, introduced in
Section 2.14 is independent of the investment horion. However, the investment
strategies which can be observed in practice (e.g. the investment schemes of Ger-
man pension funds) are taking their investment horizon into account. These
strategies are similar to the portfolio strategies developed in this thesis and in
Korn and Wilmott [11].
The disadvantage of the crash hedging approach and the worst–case concept
is that they actually mix the classical expected mean maximization method in
“normal times” with the expected worst–case bound maximization for the pos-
sible crash situation. The next goal is to work in both situations with the same
maximization principle. Since it does not look promising to apply one of the
above mentioned maximization methods to both situations, the concept of the
q–quantile crash hedging strategy (see Section 2.13) is more appropriate.
The q–quantile crash hedging strategy applies the well–known Value at Risk
concept to portfolio optimization. In spite of the fact that the q–quantile crash
hedging strategy approach needs additional information, the Value at Risk con-
cept is a natural candidate for evaluating portfolios under the threat of a crash.
Although it has been introduced in this thesis in the setting of crash modelling,
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it remains to future research to apply the q–quantile crash hedging strategy not
only to the possible crash situation but also to the situation of “normal times”.
This approach would have the advantage that the investor can calculate her
Value at Risk in advance by following some kind of a q–quantile portfolio strategy.
This would be interesting not only for the banking industry but in particular for
the insurance industry who is used to calculate its risks in advance rather then
“on time” (for a comparison of the different concepts used in the banking industry
and the insurance industry see Bu¨hlmann [3]).
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A Appendix
A.1 Proof of Proposition 2.11
Proof of Proposition 2.11:
Case i) Applying the partial fraction expansion to the left integral of equation
(25) yields∫ t1
t0
[
A
1
k∗
− πˆ(t) +
B1
π∗0 − πˆ(t)
+
B2
(π∗0 − πˆ(t))2
]
dπˆ(t). (87)
One has to calculate the constants with the method of indetermined
coefficients.
A (π∗0 − πˆ(t))2 = A
[
πˆ2(t)− 2π∗0πˆ(t) + (π∗0)2
]
,
B1
(
1
k∗
− πˆ(t)
)
(π∗0 − πˆ(t)) = B1
[
πˆ2(t)−
(
π∗0 +
1
k∗
)
πˆ(t) +
π∗0
k∗
]
,
B2
(
1
k∗
− πˆ(t)
)
.
One gets three different equations with three unknown constants.
1) A+B1 = 0 ⇐⇒ A = −B1.
2) −2π∗0A−
(
π∗0 +
1
k∗
)
B1 −B2 = 0 ⇐⇒ B2 = −
(
π∗0 − 1k∗
)
A.
3) (π∗0)
2A+
π∗
0
k∗
B1 +
1
k∗
B2 = 1. This is equivalent to[
(π∗0)
2 − π
∗
0
k∗
− 1
k∗
(
π∗0 −
1
k∗
)]
A = 1
⇐⇒
[
(π∗0)
2 − 2π
∗
0
k∗
+
1
(k∗)2
]
A = 1
⇐⇒ A = 1(
π∗0 − 1k∗
)2 .
This implies
B1 =
−1(
π∗0 − 1k∗
)2
and B2 =
1
π∗0 − 1k∗
.
The next step is to calculate the different integrals of (87).
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a) The first integral gives
∫ t1
t0
A
1
k∗
− πˆ(t) dπˆ(t) = −A · ln
(
1
k∗
− πˆ(t)
) ∣∣∣∣∣
t1
t0
.
Taking the integral from t to T and using (14) yields
−A · ln
(
1
k∗
− πˆ(s)
) ∣∣∣∣∣
T
t
= −A ·
[
ln
(
1
k∗
)
− ln
(
1
k∗
− πˆ(t)
)]
= A · ln (1− πˆ(t)k∗)
=
ln (1− πˆ(t)k∗)(
π∗0 − 1k∗
)2 .
b) The second integral in (87) is similar to the first integral and calcu-
lates to ∫ t1
t0
B1
π∗0 − πˆ(t)
dπˆ(t) = −B1 · ln (π∗0 − πˆ(t))
∣∣∣∣∣
t1
t0
.
Taking the integral from t to T and using (14) yields
−B1 · ln (π∗0 − πˆ(s))
∣∣∣∣∣
T
t
= −B1 · [ln (π∗0)− ln (π∗0 − πˆ(t))]
= B1 · ln
(
1− πˆ(t)
π∗0
)
=
− ln
(
1− πˆ(t)
π∗
0
)
(
π∗0 − 1k∗
)2 .
c) The last integral in (87) is
∫ t1
t0
B2
(π∗0 − πˆ(t))2
dπˆ(t) =
B2
π∗0 − πˆ(t)
∣∣∣∣∣
t1
t0
.
Taking the integral from t to T and using (14) yields
B2
π∗0 − πˆ(s)
∣∣∣∣∣
T
t
= B2
[
1
π∗0
− 1
π∗0 − πˆ(t)
]
= B2
π∗0 − πˆ(t)− π∗0
π∗0 (π
∗
0 − πˆ(t))
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=
B2
π∗0
−πˆ(t)
π∗0 − πˆ(t)
=
−1
(π∗0)
2 − π∗0
k∗
πˆ(t)
πˆ(t)− π∗0
.
Thus, equation (25) gives in this case if one integrates from t to T
− ln (1− πˆ(t)k∗) + ln
(
1− πˆ(t)
π∗0
)
+
(
π∗0 −
1
k∗
)
1
π∗0
πˆ(t)
πˆ(t)− π∗0
=
σ20
2
(
π∗0 −
1
k∗
)2
(T − t) .
This is an implicit equation for πˆ, which can not be solved explicitly.
However, further reduction delivers
ln
(
1− πˆ(t)
π∗0
)
− ln (1− πˆ(t)k∗) +
(
1− 1
k∗π∗0
)
πˆ(t)
πˆ(t)− π∗0
=
σ20
2
(
π∗0 −
1
k∗
)2
(T − t)
⇐⇒ ln

 1− πˆ(t)π∗0
1− πˆ(t)k∗

+ (1− 1
k∗π∗0
)
πˆ(t)
πˆ(t)− π∗0
=
σ20
2
(
π∗0 −
1
k∗
)2
(T − t) .
Obviously, it is straightforward to give the inverse of πˆ. Denoting the
inverse by t (πˆ), it is easy to verify that
t (πˆ) = T − 2
σ20
(
π∗0 − 1k∗
)2
[
1− 1
k∗π∗0
+
π∗0 − 1k∗
πˆ(t)− π∗0
+ ln
(
1
π∗0 · k∗
)
+ ln
(
πˆ(t)− π∗0
πˆ(t)− 1
k∗
)]
.
Taking the derivative of t with respect to πˆ gives
t′ (πˆ) = − 2
σ20
(
π∗0 − 1k∗
)2
[
− π
∗
0 − 1k∗
(πˆ(t)− π∗0)2
+
πˆ(t)− 1
k∗
πˆ(t)− π∗0
·
· πˆ(t)−
1
k∗
− (πˆ(t)− π∗0)(
πˆ(t)− 1
k∗
)2
]
=
2
σ20
(
π∗0 − 1k∗
)2
[
π∗0 − 1k∗
(πˆ(t)− π∗0)2
− π
∗
0 − 1k∗
(πˆ(t)− π∗0)
(
πˆ(t)− 1
k∗
)]
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=
2
σ20
(
π∗0 − 1k∗
) [ πˆ(t)− 1k∗ − (πˆ(t)− π∗0)
(πˆ(t)− π∗0)2
(
πˆ(t)− 1
k∗
)
]
=
1
σ2
0
2
(
πˆ(t)− 1
k∗
)
(πˆ(t)− π∗0)2
,
which is negative for πˆ < 1
k∗
and πˆ 6= π∗0. Thus, t (πˆ) is strictly decreas-
ing which means that its inverse πˆ(t) exists and is uniquely determined.
Case ii) Applying the partial fraction expansion to the left integral of equation
(25) yields in this case
∫ t1
t0

 A
1
k∗
− πˆ(t) +
B
π∗0 +
√
2
σ2
0
(Ψ0 −Ψ1)− πˆ(t)
+
C
π∗0 −
√
2
σ2
0
(Ψ0 −Ψ1)− πˆ(t)

 dπˆ(t). (88)
One has to calculate the constants with the method of indetermined
coefficients.
A
(
π∗0 +
√
2
σ20
(Ψ0 −Ψ1)− πˆ(t)
)(
π∗0 −
√
2
σ20
(Ψ0 −Ψ1)− πˆ(t)
)
= A
[
πˆ2(t)− 2π∗0πˆ(t) + (π∗0)2 −
2
σ20
(Ψ0 −Ψ1)
]
,
B
(
1
k∗
− πˆ(t)
)(
π∗0 −
√
2
σ20
(Ψ0 −Ψ1)− πˆ(t)
)
= B
[
πˆ2(t)−
(
π∗0 +
1
k∗
−
√
2
σ20
(Ψ0 −Ψ1)
)
πˆ(t) +
π∗0
k∗
− 1
k∗
√
2
σ20
(Ψ0 −Ψ1)
]
,
C
(
1
k∗
− πˆ(t)
)(
π∗0 +
√
2
σ20
(Ψ0 −Ψ1)− πˆ(t)
)
= C
[
πˆ2(t)−
(
π∗0 +
1
k∗
+
√
2
σ20
(Ψ0 −Ψ1)
)
πˆ(t) +
π∗0
k∗
+
1
k∗
√
2
σ20
(Ψ0 −Ψ1)
]
.
One gets three different equations with three unknown constants.
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1) A+B + C = 0 ⇐⇒ C = −A−B.
2)
−2π∗0A−
(
π∗0 +
1
k∗
−
√
2
σ20
(Ψ0 −Ψ1)
)
B
−
(
π∗0 +
1
k∗
+
√
2
σ20
(Ψ0 −Ψ1)
)
C = 0
⇐⇒ B
(
2
√
2
σ20
(Ψ0 −Ψ1)
)
=
(
π∗0 −
1
k∗
−
√
2
σ20
(Ψ0 −Ψ1)
)
A
⇐⇒ B =
π∗0 − 1k∗ −
√
2
σ2
0
(Ψ0 −Ψ1)
2
√
2
σ2
0
(Ψ0 −Ψ1)
A
⇐⇒ B =

 π∗0 − 1k∗
2
√
2
σ2
0
(Ψ0 −Ψ1)
− 1
2

A.
3)
(
(π∗0)
2 − 2
σ20
(Ψ−Ψ1)
)
A+
(
π∗0
k∗
− 1
k∗
√
2
σ20
(Ψ0 −Ψ1)
)
B
+
(
π∗0
k∗
+
1
k∗
√
2
σ20
(Ψ0 −Ψ1)
)
C = 1.
This is equivalent to[
(π∗0)
2 − 2
σ20
(Ψ0 −Ψ1)
]
A+
(
π∗0
k∗
−
√
2
σ0k∗
√
Ψ0 −Ψ1
)
B
−
(
π∗0
k∗
+
√
2
σ0k∗
√
Ψ0 −Ψ1
)
(A+B) = 1
⇐⇒
[
(π∗0)
2 − 2
σ20
(Ψ0 −Ψ1)− π
∗
0
k∗
−
√
2
σ0k∗
√
Ψ0 −Ψ1
]
A
− 2
√
2
σ0k∗
√
Ψ0 −Ψ1B = 1
⇐⇒
[
(π∗0)
2 − 2
σ20
(Ψ0 −Ψ1)− π
∗
0
k∗
−
√
2
σ0k∗
√
Ψ0 −Ψ1
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− π
∗
0
k∗
+
1
(k∗)2
+
√
2
σ0k∗
√
Ψ0 −Ψ1
]
A = 1
⇐⇒
[
(π∗0)
2 +
1
(k∗)2
− 2
σ20
(Ψ0 −Ψ1)− 2π
∗
0
k∗
]
A = 1
⇐⇒
(
π∗0 +
√
2
σ20
(Ψ0 −Ψ1)− 1
k∗
)(
π∗0 −
√
2
σ20
(Ψ0 −Ψ1)− 1
k∗
)
A = 1
⇐⇒ A = 1(
π∗0 +
√
2
σ2
0
(Ψ0 −Ψ1)− 1k∗
)(
π∗0 −
√
2
σ2
0
(Ψ0 −Ψ1)− 1k∗
)
⇐⇒ A = 1(
π∗0 − 1k∗
)2 − 2
σ2
0
(Ψ0 −Ψ1)
.
This implies
B =
1
2
√
2
σ2
0
(Ψ0 −Ψ1)
(
π∗0 +
√
2
σ2
0
(Ψ0 −Ψ1)− 1k∗
) and
C =
−1
2
√
2
σ2
0
(Ψ0 −Ψ1)
(
π∗0 −
√
2
σ2
0
(Ψ0 −Ψ1)− 1k∗
) .
The next step is to calculate the different integrals of (88).
a) The first integral is already known and is∫ T
t
A
1
k∗
− πˆ(s) dπˆ(s)
= −A · ln
(
1
k∗
− πˆ(s)
) ∣∣∣∣∣
T
t
= A · ln (1− πˆ(t)k∗)
=
ln (1− πˆ(t)k∗)(
π∗0 +
√
2
σ2
0
(Ψ0 −Ψ1)− 1k∗
)(
π∗0 −
√
2
σ2
0
(Ψ0 −Ψ1)− 1k∗
) .
b) The second integral is similar to the first.∫ T
t
B
π∗0 +
√
2
σ2
0
(Ψ0 −Ψ1)− πˆ(s)
dπˆ(s)
= −B · ln
(
π∗0 +
√
2
σ20
(Ψ0 −Ψ1)− πˆ(s)
)∣∣∣∣∣
T
t
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= −B ·
[
ln
(
π∗0 +
√
2
σ20
(Ψ0 −Ψ1)
)
− ln
(
π∗0 +
√
2
σ20
(Ψ0 −Ψ1)− πˆ(t)
)]
= B · ln

1− πˆ(t)
π∗0 +
√
2
σ2
0
(Ψ0 −Ψ1)


=
ln

1− πˆ(t)
π∗
0
+
r
2
σ2
0
(Ψ0−Ψ1)


2
√
2
σ2
0
(Ψ0 −Ψ1)
(
π∗0 +
√
2
σ2
0
(Ψ0 −Ψ1)− 1k∗
) .
c) The last integral in (88) gives∫ T
t
C
π∗0 −
√
2
σ2
0
(Ψ0 −Ψ1)− πˆ(s)
dπˆ(s)
= −C · ln
(
π∗0 −
√
2
σ20
(Ψ0 −Ψ1)− πˆ(s)
)∣∣∣∣∣
T
t
= −C ·
[
ln
(
π∗0 −
√
2
σ20
(Ψ0 −Ψ1)
)
− ln
(
π∗0 −
√
2
σ20
(Ψ0 −Ψ1)− πˆ(t)
)]
= C · ln

1− πˆ(t)
π∗0 −
√
2
σ2
0
(Ψ0 −Ψ1)


=
− ln

1− πˆ(t)
π∗
0
−
r
2
σ2
0
(Ψ0−Ψ1)


2
√
2
σ2
0
(Ψ0 −Ψ1)
(
π∗0 −
√
2
σ2
0
(Ψ0 −Ψ1)− 1k∗
) .
Thus, equation (25) gives in this case if one integrates from t to T
− ln (1− πˆ(t)k∗) 2
√
2
σ20
(Ψ0 −Ψ1)
− ln

1− πˆ(t)
π∗0 +
√
2
σ2
0
(Ψ0 −Ψ1)

(π∗0 −
√
2
σ20
(Ψ0 −Ψ1)− 1
k∗
)
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+ ln

1− πˆ(t)
π∗0 −
√
2
σ2
0
(Ψ0 −Ψ1)

(π∗0 +
√
2
σ20
(Ψ0 −Ψ1)− 1
k∗
)
=
σ20
2
(T − t)
(
π∗0 +
√
2
σ20
(Ψ0 −Ψ1)− 1
k∗
)
(
π∗0 −
√
2
σ20
(Ψ0 −Ψ1)− 1
k∗
)
2
√
2
σ20
(Ψ0 −Ψ1).
This is an implicit equation for πˆ, which can not be solved explicitly.
However, further reduction delivers
2
√
2
σ20
(Ψ0 −Ψ1) ln (1− πˆ(t)k∗)
+ ln

1− πˆ(t)
π∗0 +
√
2
σ2
0
(Ψ0 −Ψ1)

(π∗0 −
√
2
σ20
(Ψ0 −Ψ1)− 1
k∗
)
− ln

1− πˆ(t)
π∗0 −
√
2
σ2
0
(Ψ0 −Ψ1)

(π∗0 +
√
2
σ20
(Ψ0 −Ψ1)− 1
k∗
)
= −σ0
√
2 (Ψ0 −Ψ1) (T − t)
(
π∗0 +
√
2
σ20
(Ψ0 −Ψ1)− 1
k∗
)
(
π∗0 −
√
2
σ20
(Ψ0 −Ψ1)− 1
k∗
)
.
Obviously, it is straightforward to give the inverse of πˆ. Again, defining
the inverse by t (πˆ) and making use of the convention (26) and (27), it
can be written as
t (πˆ) = T +
1
Θ+Θ−∆σ20
[
2∆
{
ln (k∗) + ln
(
1
k∗
− πˆ
)}
+Θ− {ln (π∗0 +∆− πˆ)− ln (π∗0 +∆)}
−Θ+ {ln (π∗0 −∆− πˆ)− ln (π∗0 −∆)}
]
.
With this the derivative of t with regard to πˆ calculates to
t′ (πˆ) =
1
Θ+Θ−∆σ20
[ −2∆
1
k∗
− πˆ −
Θ−
π∗0 +∆− πˆ
+
Θ+
π∗0 −∆− πˆ
]
=
−1
Θ+Θ−∆σ20
[
2∆
1
k∗
− πˆ +
Θ− (π
∗
0 −∆− πˆ)−Θ+ (π∗0 +∆− πˆ)
(πˆ − π∗0)2 −∆2
]
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=
−1
Θ+Θ−∆σ20
[
2∆
1
k∗
− πˆ +
2∆
(
πˆ − 2π∗0 + 1k∗
)
(πˆ − π∗0)2 −∆2
]
=
−2
Θ+Θ−σ20
[
(πˆ − π∗0)2 −∆2 +
(
1
k∗
− πˆ) (πˆ − 2π∗0 + 1k∗ )(
1
k∗
− πˆ) [(πˆ − π∗0)2 −∆2]
]
=
−2
Θ+Θ−σ20
·
(
π∗0 − 1k∗
)2 −∆2(
1
k∗
− πˆ) [(πˆ − π∗0)2 −∆2]
=
−2
σ20
(
1
k∗
− πˆ) [(πˆ − π∗0)2 −∆2]
=
1(
πˆ − 1
k∗
) [σ2
0
2
(πˆ − π∗0)2 +Ψ1 −Ψ0
] ,
which is negative for πˆ < 1
k∗
and, if π∗0 ≥ 0, for πˆ < π∗0 − ∆. Thus,
t (πˆ) is strictly decreasing which means that its inverse πˆ(t) exists and
is uniquely determined.
Case iii) In this case the partial fraction expansion to the left integral of equation
(25) yields
∫ t1
t0
[
A
1
k∗
− πˆ(t) +
Dπˆ(t) + E
πˆ2(t)− 2π∗0πˆ(t) + 2σ2
0
(Ψ1 − r0)
]
dπˆ(t). (89)
One has to calculate the constants with the method of indetermined
coefficients.
A
(
πˆ2(t)− 2π∗0πˆ(t) +
2
σ20
(Ψ1 − r0)
)
,
(Dπˆ(t) + E)
(
1
k∗
− πˆ(t)
)
= D
(
πˆ(t)
k∗
− πˆ2(t)
)
+ E
(
1
k∗
− πˆ(t)
)
.
One gets three different equations with three unknown constants.
1) A−D = 0 ⇐⇒ A = D.
2) −2π∗0A+ 1k∗D − E = 0 ⇐⇒ E = −
(
2π∗0 − 1k∗
)
A.
3) 2
σ2
0
(Ψ1 − r0)A+ 1k∗E = 1. This is equivalent to(
2
σ20
(Ψ1 − r0)− 2π
∗
0
k∗
+
1
(k∗)2
)
A = 1
⇐⇒
[(
π∗0 −
1
k∗
)2
+
2
σ20
(Ψ1 −Ψ0)
]
A = 1
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⇐⇒ A = 1(
π∗0 − 1k∗
)2
+ 2
σ2
0
(Ψ1 −Ψ0)
.
This implies
D =
1(
π∗0 − 1k∗
)2
+ 2
σ2
0
(Ψ1 −Ψ0)
and
E =
− (2π∗0 − 1k∗ )(
π∗0 − 1k∗
)2
+ 2
σ2
0
(Ψ1 −Ψ0)
.
The next step is to calculate the different integrals of (89).
a) The first integral is already known and is
∫ T
t
A
πˆ(s)− 1
k∗
dπˆ(s) = −A · ln
(
πˆ(s)− 1
k∗
) ∣∣∣∣∣
T
t
= A · ln (1− πˆ(t)k∗)
=
ln (1− πˆ(t)k∗)(
π∗0 − 1k∗
)2
+ 2
σ2
0
(Ψ1 −Ψ0)
.
b) The second integral is given by∫ T
t
Dπˆ(s) + E
πˆ2(s)− 2π∗0πˆ(s) + 2σ2
0
(Ψ1 − r0) dπˆ(s)
=
[
D
2
ln
(
πˆ2(s)− 2π∗0πˆ(s) +
2
σ20
(Ψ1 − r0)
)
+
E +Dπ∗0√
2
σ2
0
(Ψ1 − r0)− (π∗0)2
arctan

 πˆ(s)− π∗0√
2
σ2
0
(Ψ1 − r0)− (π∗0)2



 ∣∣∣∣∣
T
t
=
D
2
ln
(
(π∗0)
2 +
2
σ20
(Ψ1 −Ψ0)
)
+
E +Dπ∗0√
2
σ2
0
(Ψ1 −Ψ0)
arctan

 −π∗0√
2
σ2
0
(Ψ1 −Ψ0)


− D
2
ln
(
(πˆ(t)− π∗0)2 +
2
σ20
(Ψ1 −Ψ0)
)
− E +Dπ
∗
0√
2
σ2
0
(Ψ1 −Ψ0)
arctan

 πˆ(t)− π∗0√
2
σ2
0
(Ψ1 −Ψ0)


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= − D
2
ln
(
(πˆ(t)− π∗0)2 + 2σ2
0
(Ψ1 −Ψ0)
(π∗0)
2 + 2
σ2
0
(Ψ1 −Ψ0)
)
− E +Dπ
∗
0√
2
σ2
0
(Ψ1 −Ψ0)
arctan

 πˆ(t)
√
2
σ2
0
(Ψ1 −Ψ0)
2
σ2
0
(Ψ1 −Ψ0)− πˆ(t)π∗0 + (π∗0)2


=
− ln
(
(πˆ(t)−π∗0)
2
+ 2
σ2
0
(Ψ1−Ψ0)
(π∗0)
2
+ 2
σ2
0
(Ψ1−Ψ0)
)
2
(
π∗0 − 1k∗
)2
+ 4
σ2
0
(Ψ1 −Ψ0)
+
(
π∗0 − 1k∗
)
arctan

 πˆ(t)
r
2
σ2
0
(Ψ1−Ψ0)
2
σ2
0
(Ψ1−Ψ0)−πˆ(t)π∗0+(π∗0)
2


√
2
σ2
0
(Ψ1 −Ψ0)
[(
π∗0 − 1k∗
)2
+ 2
σ2
0
(Ψ1 −Ψ0)
] ,
where
2
σ20
(Ψ1 − r0)− (π∗0)2 =
2
σ20
(Ψ1 −Ψ0)
and
arctan(x)− arctan(y) = arctan
(
x− y
1 + x · y
)
has been used.
Thus, integrating from t to T , equation (25) yields
ln
(
(πˆ(t)−π∗0)
2
+ 2
σ2
0
(Ψ1−Ψ0)
(π∗0)
2
+ 2
σ2
0
(Ψ1−Ψ0)
)
− 2 ln (1− πˆ(t)k∗)
2
[(
π∗0 − 1k∗
)2
+ 2
σ2
0
(Ψ1 −Ψ0)
]
−2 (π∗0 − 1k∗ ) arctan

 πˆ(t)
r
2
σ2
0
(Ψ1−Ψ0)
2
σ2
0
(Ψ1−Ψ0)−πˆ(t)π∗0+(π∗0)
2


√
2
σ2
0
(Ψ1 −Ψ0)
[(
π∗0 − 1k∗
)2
+ 2
σ2
0
(Ψ1 −Ψ0)
]
=
σ20
2
(T − t)
⇐⇒ − 2 ln (1− πˆ(t)k∗)
√
2
σ20
(Ψ1 −Ψ0)
+ ln
(
(πˆ(t)− π∗0)2 + 2σ2
0
(Ψ1 −Ψ0)
(π∗0)
2 + 2
σ2
0
(Ψ1 −Ψ0)
)√
2
σ20
(Ψ1 −Ψ0)
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− 2
(
π∗0 −
1
k∗
)
arctan

 πˆ(t)
√
2
σ2
0
(Ψ1 −Ψ0)
2
σ2
0
(Ψ1 −Ψ0)− πˆ(t)π∗0 + (π∗0)2


= σ20 (T − t)
√
2
σ20
(Ψ1 −Ψ0)
[(
π∗0 −
1
k∗
)2
+
2
σ20
(Ψ1 −Ψ0)
]
.
Obviously, it is straightforward to give the inverse of πˆ. Once more,
naming the inverse function t (πˆ) and making use of the convention
(28), this case gives
t (πˆ) = T +
1
∆1σ20
[(
π∗0 − 1k∗
)2
+∆21
] [2∆1{ln (k∗) + ln( 1
k∗
− πˆ
)}
−∆1
{
ln
(
(πˆ − π∗0)2 +∆21
)− ln ((π∗0)2 +∆21)}
+2
(
π∗0 −
1
k∗
){
arctan
(
πˆ − π∗0
∆1
)
− arctan
(−π∗0
∆1
)}]
.
With this, the derivative of t with respect to πˆ calculates to
t′ (πˆ) =
1
∆1σ20
[(
π∗0 − 1k∗
)2
+∆21
] [ −2∆1
1
k∗
− πˆ −
2∆1 (πˆ − π∗0)
(πˆ − π∗0)2 +∆21
+
2∆1
(
π∗0 − 1k∗
)
(πˆ − π∗0)2 +∆21
]
=
− 2
σ20
[(
π∗0 − 1k∗
)2
+∆21
]
·(πˆ − π
∗
0)
2 +∆21 +
(
πˆ − 2π∗0 + 1k∗
) (
1
k∗
− πˆ)(
1
k∗
− πˆ) [(πˆ − π∗0)2 +∆21]
=
− 2
σ20
[(
π∗0 − 1k∗
)2
+∆21
] · (π∗0 − 1k∗ )2 +∆21(
1
k∗
− πˆ) [(πˆ − π∗0)2 +∆21]
=
− 2
σ20
(
1
k∗
− πˆ) [(πˆ − π∗0)2 +∆21]
=
1(
πˆ − 1
k∗
) [σ2
0
2
(πˆ − π∗0)2 +Ψ1 −Ψ0
] .
It is straightforward to see that the derivative of t is negative for πˆ < 1
k∗
.
Thus, t (πˆ) is strictly decreasing which means that its inverse πˆ(t) exists
and is uniquely determined.
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Case iv) In this special case the partial fraction expansion to the left integral of
equation (25) yields ∫ t1
t0
dπˆ(t)
(πˆ(t)− π∗0)3
. (90)
It is easy to calculate this integral
∫ T
t
dπˆ(t)
(πˆ(t)− π∗0)3
= − 1
2
1
(πˆ(t)− π∗0)2
∣∣∣∣∣
T
t
= − 1
2
1
(π∗0)
2 +
1
2
1
(πˆ(t)− π∗0)2
.
Hence, integrating from t to T , equation (25) yields
1
(πˆ(t)− π∗0)2
=
1
(π∗0)
2 + σ
2
0 (T − t)
⇐⇒ (πˆ(t)− π∗0)2 =
(π∗0)
2
(π∗0)
2 σ20 (T − t) + 1
⇐⇒ πˆ1/2(t) = π∗0 ±
π∗0√
(π∗0)
2 σ20 (T − t) + 1
.
Of these two functions only the second one satisfy πˆ(T ) = 0, thus
πˆ(t) = π∗0 −
π∗0√
(π∗0)
2 σ20 (T − t) + 1
.
This is the only case where it is possible to calculate the crash hedging
strategy πˆ explicitly. Note that πˆ(t) < π∗0 for all t ∈ [0, T ].
Case v) This case as well as case vi) are analog to case i).

97
A.2 Calculating the Value Function νP,π A APPENDIX
A.2 Calculating the Value Function νP,pi
If the price process of the risky asset evolves according to equation (60), the
corresponding wealth equation is given as
dXπ,t,x0 (s) = X
π,t,x
0 (s)
[
(r0 + π(s) (µ0 − r0)) ds+ π(s)σ0 dW (s)
−π(s)
m∑
j=1
kj dNj(s)
]
,
Xπ,t,x0 (t) = x .
Applying the generalized Itoˆ–formula (see e.g. Klebaner [8], pp. 200, formula
(8.22)) to ln
(
Xπ,t,x0 (T )
)
yields
ln
(
Xπ,t,x0 (T )
)
= ln (x) +
T∫
t
dXπ,t,x0 (s)
Xπ,t,x0 (s)
− 1
2
T∫
t
1(
Xπ,t,x0 (s)
)2 d [Xπ,t,x0 , Xπ,t,x0 ] (s)
+
∑
t≤s≤T
[
ln
(
Xπ,t,x0 (s)
)− ln (Xπ,t,x0 (s−))− △Xπ,t,x0 (s)
Xπ,t,x0 (s−)
+
1
2
(△Xπ,t,x0 (s))2(
Xπ,t,x0 (s−)
)2
]
= ln (x) +
T∫
t
(r0 + π(s) (µ0 − r0)) ds+
T∫
t
π(s)σ0 dW (s)
−
m∑
j=1
T∫
t
π(s)kj dNj(s)− 1
2
T∫
t
π2(s)σ20 ds
−1
2
m∑
j=1
T∫
t
π2(s)k2j dNj(s)
+
∑
t≤s≤T
[
ln
(
Xπ,t,x0 (s)
)− ln (Xπ,t,x0 (s−))
+
Xπ,t,x0 (s−)
Xπ,t,x0 (s−)
m∑
j=1
π(s)kj △Nj(s)
+
1
2
(
Xπ,t,x0 (s−)
)2(
Xπ,t,x0 (s−)
)2 m∑
j=1
π2(s)k2j △Nj(s)
]
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= ln (x) +
T∫
t
Ψ0 + (π(s)− π∗0)2 ds+
T∫
t
π(s)σ0 dW (s)
+
∑
t≤s≤T
[
ln
(
Xπ,t,x0 (s)
)− ln (Xπ,t,x0 (s−))] .
Thus, the wealth equation has the solution
Xπ,t,x0 (T ) = x exp

 T∫
t
Ψ0 + (π(s)− π∗0)2 ds+
T∫
t
π(s)σ0 dW (s)


·
∏
t≤s≤T
Xπ,t,x0 (s)
Xπ,t,x0 (s−)
.
Notice that
E
[ ∑
t≤s≤T
[
ln
(
Xπ,t,x0 (s)
)− ln (Xπ,t,x0 (s−))]
]
= E

 T∫
t
m∑
j=1
[
ln
(
Xπ,t,x0 (s−)−Xπ,t,x0 (s)π(s)kj
)− ln (Xπ,t,x0 (s−))] dNj(s)


= E

 T∫
t
m∑
j=1
[
ln
(
Xπ,t,x0 (s−)−Xπ,t,x0 (s)π(s)kj
)− ln (Xπ,t,x0 (s−))]λj(s) ds


= E

 T∫
t
m∑
j=1
ln (1− π(s)kj)λj(s) ds

 ,
where the last equation is due to the fact that the set of points s ∈ [0, T ] which sat-
isfy Xπ,t,x0 (s−) 6= Xπ,t,x0 (s) has Lebesgue–measure zero. With this, it is straight-
forward to derive the value function for the portfolio strategy π.
νP,π(t, x) = E
[
ln
(
Xπ,t,x0 (T )
)]
= ln (x) + E

 T∫
t
[
Ψ0 − σ
2
0
2
(π(s)− π∗0)2
+
m∑
j=1
ln (1− π(s)kj)λj(s)
]
ds
]
.
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Assuming that m = 1, k1 = k and λ1 = λ is deterministic, the value function for
the portfolio strategy π reduces to
νP,π(t, x) = ln (x) + E

 T∫
t
[
Ψ0 − σ
2
0
2
(π(s)− π∗0)2 + ln (1− π(s)k)λ(s)
]
ds

 .
A.3 Calculating the Optimal Portfolio Strategy pi∗P
The optimal portfolio strategy π∗P can be calculated explicitly only in the case
m = 1, which will be done in the following. For the case m > 1 see e.g. Aase [1].
In order to find the optimal portfolio strategy π∗P one has to find the π which
maximizes
f (π) := Ψ0 − σ
2
0
2
(π − π∗0)2 + ln (1− πk)λ .
Clearly, this function is twice continuously differentiable with respect to π. Doing
so gives
∂f
∂π
(π) = −σ20 (π − π∗0)−
kλ
1− πk and
∂2f
∂π2
(π) = −σ20 −
k2λ
(1− πk)2 .
For λ ≥ 0 the second derivative is always negative. Setting the first derivative
equal to zero and solving it with respect to π yields
(π − π∗0) (1− πk) = −
kλ
σ20
⇐⇒ π2 − π
(
π∗0 +
1
k
)
=
λ
σ20
− π
∗
0
k
⇐⇒
(
π − 1
2
(
π∗0 +
1
k
))2
=
1
4
(
π∗0 +
1
k
)2
− π
∗
0
k
+
λ
σ20
⇐⇒ π1/2 = 1
2
(
π∗0 +
1
k
)
±
√
1
4
(
π∗0 −
1
k
)2
+
λ
σ20
.
Hence, both points maximize f with π1 > π
∗
0 > π2 for either
1
k
6= 0 or λ > 0.
Remember that k > 0 determines a possible crash height while k < 0 describes
a possible positive price jump of the risky asset. Thus, it is not rational for an
investor to invest more in the risky asset given the possibility of a crash than
in the crash–free situation. Likewise, it is not rational for an investor to invest
less in the risky asset given the possibility of a sudden upward jump than in
the crash–free situation. Hence, π∗P := π2 is the only rational optimal portfolio
strategy.
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